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In this paper, an new extended formulation of the Single-Source Un-capacitated Facility Location Problem
(SSUFLP) is presented that incorporates the cardinality of the customer set assigned to facilities (or agents)
into its formulation. Given a set of M potential facilities and N customers (or jobs), the traditional integer
programming formulation consists of O(mn) variables and constraints, where |[M| = m and [N| = n. In our
extended formulation, potential facility location variables as well as variables describing assignment of
customers to agents are disaggregated into n possible cardinalities. Consequently, our formulation consists
of O(mn?) variables and constraints. Given this, we first show that all non-trivial facets of the polytope
associated with this disaggregated formulation can be described by 0-1 coefficients for variables
representing assignment of customers to agents and non-negative, integer coefficients of variables
representing facility location. We next present in detail, all possible structures of these non-trivial facet
inequalities, which we refer to as p-Agent Cardinality Matching inequalities. These inequalities are
constructed around N'cN jobs assigned to W,cM agents in which |W,| = p. This is motivated by identifying
a fractional solution to the LP relaxation of the extended formulation, in which all the fractional variables
are associated with N’ and W,. The basic idea behind these inequalities is to ‘match’ n’ = |N’| jobs to a set
of 2 < p <m agents with specific cardinalities. The structure varies depending on the relative sizes of p and
n’, as well as the cardinalities associated each agent in W,. All the structures of the p-Agent Cardinality
Matching inequalities presented in this paper are shown to be facets of the polytope defined by the convex
hull of feasible solutions to our extended formulation. For each such structure, we identify fractional
solutions to the LP relaxation of our formulation that violate it. These structures cover all possible
combinations of N”and W,. Therefore, the p-Agent Cardinality Matching inequalities along with the trivial
inequalities completely describe the polytope of the LP relaxation of the extended formulation.
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1.

Introduction

The Single-Source Un-capacitated Facility Location Problem (SSUFLP) (also referred to as the Simple
Plant Location Problem) is a well-considered problem in Integer Programming. In SSUFLP, a set of M
potential facility locations (or agents) and a set of N customers (or jobs) are specified. The cost of setting
up a facility at location ieM is f; and the cost of servicing a customer jeN entirely by a facility at ieM is
cij. Without loss of generality, we can assume the cost parameters to be non-negative. The optimization
problem is to determine which agents to open, and to which opened facility must each customer je N must
be assigned, so as to minimize total cost. The standard integer programming formulation of SSUFLP
involves two sets of binary variables: y; = 1 if facility at location ieM is opened, 0 otherwise, and x;; = 1 if
customer j is assigned to facility at location i, O otherwise. Such a formulation of SSUFLP is:

(Pxy)
Minimize F(x,y) = 2 Z CijXij + Z fiyi
iEM jEN ieM

Subject to:

Z xij=1 VjeN (1)

ieM

xij < y; ViEM, jEN (2)
xij,yi E{O,l} VlEM, ]EN (3)

In (Pxy), (1) describes the assignment of each customer jeN to one of the locations in M and is known as
semi-assignment constraints, while (2) (known as Variable Upper Bound (VUB) constraints) ensures that
customer j cannot be assigned to a facility location i if it is not set up. SSUFLP is NP-Hard [10], and
therefore there has been considerable interest in evolving methods to solve large instances of it in reasonable
time. One such approach has been to try and describe the polyhedron defining the convex hull of feasible
solutions to (Pyy) as “closely’ as possible. The main thrust of this paper is to start with a extended formulation
of SSUFLP that in turn reveals inequalities that are facets of the associated polyhedron, and in all cases,
along with trivial facets, completely describes it.

1.1 Literature Review

Spanning almost four decades, extensive work has been done in attempting to solve SSUFLP and its closely
related problems such as the capacitated facility location problem and the capacitated concentrator location
problem. The latter two includes knapsack type constraints on each agent i. It is important to underscore
the fact that the capacitated concentrator location problem is the capacitated version of SSUFLP wherein



every customer is served wholly by one concentrator. We will first review, albeit briefly, work done on the
capacitated version of SSUFLP, followed by that on SSUFLP in greater detail.

There are two broad and yet distinct methodological approaches to solving the capacitated version of
SSUFLP. One approach involved the use of Lagrangian relaxation, particularly with respect to the
capacitated version of SSUFLP. Sridharan’s [16] work on the capacitated version of SSUFLP is amongst
the earliest known, followed more recently by Holmberg et al. [13], Cortinhal and Captivo [8], Chen and
Ting [4] and several in between. The main thrust of this approach has been to dualize the semi-assignment
constraints and solve a series of knapsack constraints to obtain a tight lower bound. In addition, primal
heuristics, including Ant Colony approach in [4] have been used to obtain good upper bound. This is then
embedded in a branch-and-bound to get the exact solution. The other approach involves attempting to
describe the polytope defined by the convex hull of feasible solutions to the capacitated version of SSUFLP.
Aardal [1] considered knapsack cover, flow cover and effective capacity inequalities that specifically
address the presence of knapsack inequalities in capacitated facility location. In addition, a form of
combinatorial inequalities was introduced for SSUFLP that is also valid for the capacitated version. Labbé
and Yaman [14] introduced the quadratic form of the Capacitated Concentrator Location Problem, with a
formulation that involves constraints which are quadratic. They studied the polytope of the resulting
formulation and developed strong inequalities for it. These inequalities were incorporated as cuts in a
branch-and-cut methodology using separation heuristics. Yang et a. [20] considered the (Pxy) given above
along with the knapsack constraints for each ieM. In their approach, they introduced Lifted Cover
Inequalities (LCI) and Fenchel cutting planes (FCI) that arise from the knapsack constraints. They
implemented exact separation algorithms for both. Further, they implemented a cut-and-solve approach,
with branching done on a sum of variables, akin to a GUB constraint. Gouveia and Saldanha-da-Gama [11]
considered a variant of the Capacitated Concentrator Location Problem, wherein the knapsack constraints
are replaced by GUB constraints that limit the number of customers assigned to concentrators. They further
considered an extension wherein several capacity options can be chosen at each concentrator location. For
this problem, they presented an extended formulation that disaggregates the y variables into various
cardinalities, each representing the number of terminals assigned to it. They also presented “<” and “>”
inequalities for their extended formulation.

Galli et. al [9] provide a comprehensive exposition on the prior reported work on describing the SSUFLP
polyhedra defined as: H(x, y) = Conv{(x, y)eR™"™| (1)-(3)}, the convex hull of feasible solutions to (1)-
(3), which we provide here more briefly. Cornuéjols and Thizy [7] represented (Pyy) as a vertex packing
problem. Using known results for the vertex packing problem, they established the dimension of H(x, y)
and that VUB constraints (2), xi>0 and yi<lI, are trivial facets of H(X, y). Apart from the results presented
in Galli et. al [9], what is indeed common across all the work presented below is that the vertex packing
problem is represented by a graph G(V, E). Further, any new valid inequality is defined on G(V, E) with a
specific structure. Using the terminology in [9], Cornuéjols and Thizy [7] presented circulant inequalities
as generalizations of those in [12]. As well, they presented translates of the odd hole inequalities for the
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vertex packing problem as valid inequalities for H(x, y). It has been shown that given the structure of
constraints describing the vertex packing problem and therefore (Pyy), that any non-trivial facet of H(x, y)
is of the form a'x < B'y+y, with >0, >0 and y>0. Cho et. al [5, 6], to begin with, examined inequalities
with elements in « and g being binary. Aardal [1] referred to them as combinatorial inequalities.
Combinatorial inequalities are generalizations of circulant inequalities, which in turn generalize odd cycle
inequalities. Cho et. al [5] showed that a combinatorial inequality is a facet of H(x, y) if and only if a) it
constitutes a non-empty face of H(x, y), b) it has at least three non-zero elements in 5, and ¢) no element in
a, can be lifted from 0 to 1. In addition, all non-trivial facets of H(x, y) needed to completely describe its
polytope for the cases, i) m =3, n> 3 and ii) m > 3, n = 3, were identified in [5] and [6], respectively. All
of them are combinatorial inequalities. Finally, Cho et. al [6] presented a class of inequalities in which
components of « are either 0, 1 or 2, components of £ is binary and y = 2. Aardal [1] presented a special
class of combinatorial inequalities which are a generalization of circulant inequalities.

Cénovas et al. [2] introduced grille inequalities in which the elements of « are binary, = 1, but elements
of fcan be arbitrary non-negative integers. Like circulant inequalities, grille inequalities are derived from
the associated vertex packing graph having a specific structure. They have been shown to be facets of H(x,
y). In [3], the same authors introduced fan and wheel inequalities which are not combinatorial. As with
other inequalities mentioned earlier, these inequalities are derived from the vertex packing graph, with the
graph resembling a fan and wheel, respectively. Galli et. al [9] introduced a new way of constructing valid
inequalities for H(x, y), the resulting inequalities they refer to as homogenous inequalities. Unlike circulant,
grille, fan or wheel inequalities, homogenous inequalities do not specify a structure on the associated vertex
packing graph G(V, E). Rather, given any connected graph, with certain characteristics there is a procedure
to construct strong homogenous inequalities. In that respect, homogenous inequalities are shown to be
generalizations of combinatorial inequalities as well as grille inequalities. In particular, they point to the
existence of facet defining homogenous inequalities which are neither circulant nor grille inequalities. The
number of such inequalities are exponential in number. Finally, they present a new procedure called facility
augmentation, using which many more facet defining inequalities of H(x, y) can be derived.

1.2 Contributions of this Paper

The focus of this paper is on a new extended formulation of SSUFLP and it associated valid inequalities.
The principal idea behind this formulation is to specify a cardinality to a facility that is opened, where
cardinality defines the number of customers assigned to it. Similarly, the assignment of a customer to a
facility is also disaggregated by the associated cardinality of the facility to which it is assigned to.
Accordingly, each y variable in (Pyy) is disaggregated into n variables, each associated with a cardinality
varying from 1 to n. Similarly, each x variable in (Px,) is disaggregated into n distinct variables.
Consequently, the number of variables and constraints expand to O(mn?). In Section 2.0, we first formally
present the extended formulation, denoted (Pz). We next identify all the trivial facets of the polytope
defined by the convex hull of the feasible solutions to (P). Finally, we discuss in detail the essential



features of any non-trivial facet of the convex hull of the feasible solutions to (P,). Most importantly, we
show that all non-trivial facets of the polytope associated with this disaggregated formulation can be
described entirely in terms of 0-1 coefficients for variables representing assignment of customers to agents
and non-negative, integer coefficients of variables representing facility location. This greatly simplifies the
identification of all the non-trivial facets. We refer to these non-trivial facet inqualities as p-Agent
Cardinality Matching (p-ACM) inequalities, which is described in depth in Section 3. The p-ACM
inequalities are defined by N'cN jobs assigned to Wy,cM agents in which |Wp| = p. This in turn is motivated
by isolating the fractional part of any feasible solution to the LP relaxation of our extended formulation.
That is, all the variables which are non-integer, are associated with N’ and W,, which are rendered infeasible
by the p-ACM inequality. The structure varies depending on the relative sizes of p and »’, as well as the
cardinalities associated each agent in Wy. All the structures of the p-Agent Cardinality Matching inequalities
presented in Section 3.0 are shown to be facets of the polytope defined by the convex hull of feasible
solutions to our extended formulation. For each such structure, we identify fractional solutions to the LP
relaxation of our formulation that violate it. Thus, these structures cover all possible combinations of N’
and W,. Therefore, the p-Agent Cardinality Matching inequalities along with the trivial inequalities
completely describe the polytope of the LP relaxation of the extended formulation. This then is the principal
contribution of this paper.

2.0 An Extended Formulation of SSUFLP and its Polytope

The formulation proposed below disaggregates each y variable in (Pyy) into n variables, each specifying the
number of customers (jobs) assigned to the agent that the y variable represents. In the same way, the x
variables in (Pyy) are also disaggregated in terms of the cardinality associated with agent i. The binary
variables used are: y;,, = 1, if facility (agent) i is opened with ki jobs assigned to it with 1 < ki <n, 0
otherwise, and z;;, = 1, if job j is one of the ki jobs assigned to agent i, O otherwise. The extended

formulation is:

(P)

n n
Minimize F(Z,y) = Z Z z Cijzijki + z Z fiyiki

iEM jEN k;=1 EM k=1

S.t.

n
z z Zijki =1 V] EN (4‘)
iEM k;=1

Zijkisyiki ViEM,jEN,kizl, ...... ,n—1 (5)

Zijn = Yin VieM,jEN (6)



Zzl]k lYiki Vie Mk, =1,.... ,n—1 (7)

EN
n—
ZYLk +Zyun31 VieM (8)
Zijki'yiki € {0,1} Vi € M,] € N, ki = 1, ...... ,n (9)

In the formulation above, (4) represents the semi-assignment constraints for each jeN across all agents and
cardinalities, (5) the VUB constraints associated with each ieM, jeN and 1 <k;<n-1. Note that if agent i is
opened with all n jobs assigned to it, then the VUB constraints become equalities as indicated in (6).
Constraints (7) enforce the cardinality requirement that if a agent i with a cardinality of ki is opened, then
exactly ki jobs have to be assigned to it. Constraints (8) model two phenomena. The first is that for each
agent ie M, at most one type of cardinality is opened. In addition, if some other agent i ’¢i with a cardinality
of nis opened, i.e., all jobs are assigned to i’, then agent i of any cardinality cannot be open.

Note that (Py) and (P,) are not equivalent. While every feasible solution in (P,) can be translated to an
equivalent feasible solution in (Py) with the same objective function value, the converse is not true.
Specifically, (Pxy) allows for a agent i to be opened (yi = 1), without any job being assigned to it. Such an
option does not exist in (P), which requires at least one job to be assigned for a agent to be opened.
However, it is worth noting, that as long as fi > 0 (which is generally the case), the optimal solution to (Pyy)
will always be one wherein if a agent is opened, at least one job will be assigned to it. This fact will have
some bearing when we examine the LP relaxations of (Pyy) and (P4), respectively.

Let,
LP(x, y) = {(x, y)eR™™|(1)-(2), x > 0, 0<y<1, are satisfied}, while (10)
LP(z y) = {(zy) € R™+™"|(4) — (8),2 = 0,y = 0}. (11)

Consider a (z*, y") eLP(z, y). A solution (x*, y*) can be constructed from (z*, y*) as follows:

xl.j = z ziy, and yi Z ylkl foreachi € M,j € N. (12)
ki=1 k=1

It is easy to see that (x*, y*)eLP(x, y). This is because aggregation of z over ki ensures that (4) reduces to
(1), while the aggregation of z and y as shown in (12) ensures that (5) and (6), collapse to (2). Finally, (8)
and (4) together ensure that 0 < X;j < 1 and 0 <y; < 1 for each ieM and jeN. Further, F(z*, y*) = F(x", y").
Does every (x*, y)eLP(x, y) translate to a (z*, y")eLP(z, y) with F(z*, y") = F(x*, y*)? To answer this
question consider the solution type (x*, y*)€LP(x, y) in which y;" = Max{x;;|j € N} for each ieM. Let

={je N|x > 0}. An equivalent (z*, y")eLP(z, y) can be constructed in the following way. Let A =

Mm {x{i1j € JiYand k = /"] Seti) z;}, = A for each jeJ", ii) y,= A, iii) y;" = x;}-Afor each jeJ{", and



finally iv) redefine J = {j € N|x;; > 0}. Repeat steps i) —iv) till /] = ¢. An important observation about
this process is that (z*, y*) so constructed satisfy the cardinality constraints (7) without violating (5). Further,
F(z', y") = F(x*, y*). However, if 1 > y} > Max{x{;- |j € N} for one or more ieM, it is no longer possible

to find an equivalent (z*, y*) eLP(z, y) such that F(z*, y*) = F(x", y*).

Example 1: Consider a (x*, y*)eLP(x, y) in part where y;" = 0.7, x}; = x5 = x5 = 0.7, x{, = x£ = 0.5,
x5 = 0.3. The corresponding (z*, y*) obtained would be yi =zl ¢ =25¢ = 256 = 246 = Zi5 e =
Z;g_6 =03, yt = Zi-li,s = Z{E,S = Zig’s = Z;LS = Z{E,S =02, yt = Zi+173 = 25_3 = Z£_3 = 0.2. Observe
that constraints (5), (7) and (8) are all satisfied. However, if y;* = 1.0, no equivalent solution in LP(z, y)
exists.

Since, typically fi> 0 for all ie M, one can expect the optimal solution to the LP relaxation of (Pyy) to satisfy
yi = Max {xij| jeN} for each ie M. Therefore, the initial LP relaxations of (P,) and (Pz) will give the same
lower bound value. However, the significance of the above observation comes to play upon adding cuts to
either LP relaxations. Adding cuts to LP(x, y) can result in fractional solutions wherein y;* > Max{xi*j lj €
N} for one or more ieM. Since no equivalent solution exists in LP(z, y), the bounds obtained from the LP
relaxation of (Pz) upon adding the ‘same’ cuts become superior.

Example 2: Consider the following partial fractional solution in LP(X, ¥): y1 = Y2 = y3 = 0.5, X11 = X13 = X21
= X22 = X32 = X33 = 0.5, which in LP(z, y) translates t0 y12 = Y22 = Y32 = 0.5, Z112 = Z132 = Z212 = Z222 = 7322 = Z332
= 0.5. However, if the classic odd-hole inequality X11 + X13 + X21 + Xa2 + X32 + X33 <Y1 + Y2 +ys+1 is added to
LP(x, y), then the fractional solution can adjust to y1 = y> = y3 = 2/3, X11 = X13 = X21 = X22 = X32 = X33 = 0.5,
thereby satisfying the odd-hole inequality and also feasible in LP(x, y). However, the corresponding
fractional solution, Y12 = Y22 = Ya2 = 2/3, Z112 = Z132 = Z212 = 2222 = Z322 = 2332 = 0.5, does not belong in LP(z,
y), as the cardinality constraints (7) are violated. Herein lies the value of the disaggregated formulation.

2.1 Trivial Facets of the (Pz) Polyhedra
Let
H(z,y) = Conv{(z,y) € BP|(z,y) satisfies (4) — (9),p = mn? + mn} (13)

In order to keep our exposition as general as possible, we will assume that m > 3. Clearly, for m = 1, (Py)
is trivial. In the case of m = 2, one can construct an equivalent problem by adding another agent i’ with f;»

= 00,

In order to facilitate our subsequent discussions on the dimension of H(z, y) and its facets, we present the
notion of a cyclic (k, I) matrix as described in [3]. It is a square matrix of dimension kXk, with entries of 0
or 1. For rows i <k, starting from column i, | consecutive columns consist of ones, and the rest zero. The |
consecutive positions include the cycling back to the first (i+I-1-k) columns consisting of ones when (i+l-
1-k)>0. For row i = k, if either k or | is odd, then the same rule applies as far as positioning of ones are
concerned. However, if both k and | are even, then row k is modified wherein the element in the first column



consists of a zero followed by I-1 consecutive ones. With such a structure, the rows in the cyclic (k, I) matrix
are linearly independent.

Lemma 2.1 Dim{H(z, y)} = mn(n-1) + m-1

Proof: It suffices to identify mn(n-1)+m affinely independent solutions (z, y)eH(z, y) noting that (O,
0)¢H(z, y). Assume items in M to be indexed arbitrarily from i =1, ..., m. For each 1<i<m and for each
I<ki=n-1, the solution set is: y;, = 1, zjjx, = 1 for je Ny, YViz1x, = 1o Ziz1,jigy, = 1 for je{N-N },
where NN is a selection with Ny, | = ki,, kis1 = n-ki, and the rest of the variables equal to zero, while
noting that when i = m, we replace index i+1 with 1. Observe that the above ‘block’ of solutions follows
the cyclic (m, 2) matrix. For a given i and ki < n-1, a set of n linearly independent selections of Ny, from N
can be made using the cyclic (n, ki) matrix. Thus, by considering n selections of N, and varying i, one gets
mn solutions. By varying ki from 1 to n-1, a total of mn(n-1) solutions are obtained. Finally, for each ieM,
yin =1, zjjn = 1 for each jeN, which are m in number, giving a total of mn(n-1)+m. 0

Lemma 2.2 The inequalities, @) z;;;, > 0 for all ieM, jeN, 1<ki<n, and b) VUB constraints (5) are all

trivial facets of H(z, y).

Proof: For both inequalities, mn(n-1)+m-1 affinely independent solutions in H(z, y) that satisfy the
respective inequalities as an equality are identified.

Consider first the inequality in a). When k; = n, all the solutions listed in the proof of Lemma 2.1 satisfy
z;jn > 0 as an equality, except for the solution, yin =1, zijn = 1 for each je N, resulting in mn(n-1)+m-1 affinely

independent solutions in H(z, y).

Next consider cases in which ki < n-1. The set of affinely independent solutions are described pictorially in
Figure 1 in which columns represent z variables and rows represent feasible solutions that satisfy a) as an
equality. The columns under label i(j, ki) represent the collection of z variables in which i is fixed, but j
varies from 1 to n and k; varies from 1 to n-1. Each ‘block’ in the figure represents the intersection of those
rows and columns in which at least one z variable is non-zero. The z variables are ordered such that the first
set of columns come under i(j, ki), followed by columns associated with indices in {M-i} arranged in any
arbitrary order as: iy, ...., im-1.

The set of solutions that satisfy z;,, > 0 as an equality are as follows:

I) One set involves pairings i;(j, k;,) and i;41(j, k;;, ), for 1 = 1,..., m-2. In addition, when | = m-1, then
I+1 is equal to 1 if m is even, and 2, otherwise. In Figure 1, the block rows labeled as Al(ix and i2), Al(iz
and is) and Al(i; and i3), display such an arrangement. It is clear from the figure, that these rows display a

(m-1, 2)-cyclic matrix structure. Consequently, for these rows to be affinely independent, it suffices to
show that the rows in each block are independent. The solution in each row is: Yik;, = 1, Zigjy, = 1 for

jeNkil, Yivrkiy,, = 1, Zipgrjkiy,, = 1 forjeNkl.Hl, where Nk-ilCN’ Nkim: {N - Nkil}’ with |Nkil| = k;, and
|Nkil+1| =n-k;,. The cardinality k;, takes values from 1 to n-1. For each value of k; , n independent selections
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of Nkil from N are made using the (n, k;,)-cyclic matrix, hence affinely independent. These set of solutions
account for a total of (m-1)n(n-1) solutions.

I1) Another set of solutions are: i) y;,, = 1, zj,, = 1 for je Ny, Yigk, = 1, Ziyjki, = 1 forjeNkil, with
Ni,eN, N, = {N - Ny, } and [Ny, | = k’i. Here, the cardinality ki takes on all values between 1 and n-1,
except ki. For each value of &', n independent selections of N, from N are made. ii) y;, = 1, zjj, = 1
for j e Ny, Visky, = 1, Ziy i, = 1 forj’eNkl.l, where N, c{N-j}, Nkilz {N - Ny,}. Here, n-1 independent
selections of N, from {N-j} are made. These set of solutions are represented in rows labeled, A1(i and i)
in Figure 1, and amount to n(n-2)+(n-1) in number.

I11) Finally, the solution set, yin = 1, zjj» = 1 for all je N and the rest of the variables equal to zero also satisfies
a) as an equality. There are m such solutions, one for each ie M. Hence, a total of mn(n-1)+m-1 independent
solutions have been identified.

Consider next the VUB constraints (5) in b). Observe that solution sets listed in 1), I1) i) and 111) above for
the inequality in a) all correspond to y;;, = z;j, = 0 and satisfy (5) as an equality. These three sets together
account for (m-1)n(n-1)+n(n-2)+m solutions. The solution set in 11) ii) above is modified as follows: y;;, =
1, zijk, = 1, zijup, = 1 for each j’e Ny, N}, yi,, = 1, 2y, juk,, = 1 forj'e Ny, , where |Ni,—1| = ki-
1, Nki1: {N-Ny,_,}. There are n-1 independent selections of Nj,_, from {N-i}. This results in a total of

mn(n-1)+m-1 affinely independent solutions. O

Rows G bl ki) 20, ki) bl kig)

2107 and i) - _, y

A1(i; and i) a v

A1(77 and i) x

Ali7 and i)

Figure 1. lllustration of a set of mn(n-1)-1 affinely independent solutions
Lemma 2.3 The inequality (8) for each ieM is a trivial facet of H(z, y).

Proof: To begin with, the solution set, yin = 1, zijn = 1 for each je N satisfy (8) as an equality for each i’e M,
including i’ =i. This accounts for m solutions. The rest of the feasible solutions that satisfy (8) as an equality

are shown in Figure 2 below. One set of solutions, labeled as A2, comprise of two blocks, one associated
with i and the other with each i’e{M-i}. Specifically, y;, = 1, z;jx, = 1 for je Ny, and y;x, = 1, Zjyji;, =
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1 for i’e{M-i} and each je{N-N,_ }. Here, N; ,cN is an independent selection with [N, | = ki < nand ki =
IN-Ny|. For each value of ki, there are n independent selections of N,,. The n selections are structured using
the cyclic (n, ki) matrix. Further, k; varies from 1 to n-1. Thus, A2 accounts for (m-1)n(n-1) solutions.

The third set of solutions, called A3, comprise of blocks associated with a pair {im-1, in}e{M-i} as well as
I, shown in Figure 2. In A3, one set of solutions denoted A3(i), consists of a) y;,, = 1, z;j, = 1 for each
JeN, with Ni N, [Ny | =kiand 1 <ki<n-2,b)y; =1, 2 ; 1=1,for jnie{N-Ny} and c)
Yimky, = L Ziyji;, = 1foreach je{N-Ny -jm1}. Here, nindependent selections of N, are made ina cyclic
(n, ki) matrix manner, with the columns of variables in Ny being contiguous. Thus, the i" selection starts
in column i and ends in column i+k;-1. If (i+ki-1) > n, then the last (i+ki-1-n) variables chosen cycle back to
the first (i+ki-1-n) columns. Also, jm-1 is situated to the immediate right of the last column in N .. Since ki
varies from 1 to n-2, there are n(n-2) solutions in A3(i). A second set of solutions, denoted A3(ii), consists
of: a) yi; =1, z;5; =1, Vimrki, | = 1, Zi s jmikiy,_y = 1 for each jm-lENkim_1 with k; —=n-—2

1

andb) y; 1 =1, 7, 1=1where ij{N_j_Nkim_l}' The n-2 columns under Nkim_loccupy contiguous
positions to the immediate right of j, followed by jm. Here, j is varied from 1 to n-1. Accordingly, the indices
in Nkim_1 and jm shift to the right in a cyclic manner. Thus A3(ii) accounts for n-1 solutions satisfying (8)

as an equality. The total number of solutions listed above equal to mn(n-1)+m-1.

By definition, the solutions listed above are shown to be affinely independent, by showing that the only
way to combine these solutions to obtain a zero vector is by multiplying each by zero. The first observation
is that the m solutions, each with a different agent having a cardinality of n are unique and therefore have
to be multiplied by zero. Next observe that in Figure 2, the blocks under i, (j, k;,) until ip,_,(j, k; _,) (not
in figure) are unique, displaying a staircase structure. Further, the solutions within each block under
i,(J, ki) until ip,_»(j, k;,,_,) are linearly independent as previously discussed. Hence, all solutions from
A2(i and i) till A2(i and im-2) have to be multiplied by zero to obtain a zero vector. This leaves us with
solutions in A2(i and in-1), A2(i and in) and A3(i, im1 and in). Again in A2(i and in-1), the part solutions
under i,_1(j, ki) Withk;  =n — 1 are unique. The same holds true for the part solutions in which
k; . varies from 2ton-3. In A2(i and im), the part solutions under i, (j, k; ) with k; = n — 1 are unique

1

as well. Thus, all these solutions have to be multiplied by zero to obtain a zero vector.
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Rows iG,k) LG ky) e imo1 Gk ) imGik) e

A2(i and ip) W

A2Gandin) 00 L—A 1 .

A2tandiy) o L—J L1 .

A3, imsand i) LM L1 L1

Figure 2. lllustration of independent solutions satisfying (8) as an equality

The solutions (or rows) left to be considered are shown in Figure 3 below. For the sake of brevity, only the
cardinalities of part solutions are indicated. To obtain a zero vector from the remaining rows, we begin with
the part solutions under i, (j, k;,,). To obtain a zero vector under i, (j, k;,,), the rows in A2(i and i) and
A3(i, im1 and im) are combined as follows. First, each solution in A2(i and in) is weighted by 1. Second,
each solution in A3(i) for k; = 2,...,n — 2 is weighted by -1. Finally, for k; = 1, the solutions in A3(i),
consisting of n-1 rows that match those in A3(ii) are given a weight of -0.5, as are the rows in A3(ii). The
remaining row in A3(i) with k; = 1 is given a weight of -1. On applying the above weights, the columns
under i, (j, k;, ) disappear, and A2(i and im) and A3(i, im1 and im) collapses into one row consisting of the
following: i) z;;; = —1.5 for each j corresponding to each row in A3(ii) and z;;; = —1 for that j not in
A3(ii), i) z;j,_, = 1foreach jeN,_, for nselections of N,_;cN, iii) z;j,,_, = —0.5 for the n-1 selections
of NN, iv) z; ;1 =—(n—2.5)forn-1indices of jn.1,andv) z; _ ; ,_, = —0.5 for the same
n-1 indices of j in N. Clearly, the solution set in A2(i and im-1) in which z;;, = 1, for the n selections of N,
<N are unique under the columns i(j, ki) and therefore they are weighted by 0. Similarly under
im-10, ki,,_,), the collapsed row consisting of z; _ ; ., , = —0.5 for n-1 indices in N are unique and
need to be weighted by 0. This then leaves us with n rows in A2(i and im-1) consisting of solutions z;;,,_; =
1 for each Nn1cN, each of which is unique and needs to be weighted by 0. 0
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Rows i, ki) im-10, ki) imU ki)
A2(i and im-
(tand i) ki=2 ki =n-2
ki=n—1 klm_1_1
A2(iand im)
ki iy,
=2,..,n—1 =n-2....1
A3(i, im1and im)
ki=1,...,n—2 kim—l_ kim=n—2,....,1,
in A3(i), k; = 1in A3(i),k;,_, =n-— in A3(i), k; =
1(71__— 1rows) in 2(over n — 1 rows) in 1 (over n — 1 rows)
A3(ii) A3(ii) in A3(ii)

Figure 3. lllustration of the remaining rows in A2(i and im-1), A2(i and im) and A3(i, im-1 and im).
2.2 Characterizations of non-trivial facets of H(z, y)

We next describe general properties of the facets of H(z, y). Let « denote a vector consisting of sub-vectors,
(o, ..., &), with each ¢ in turn consisting of sub-vectors (&%, ...., &™). Sub-vector a‘=%i =
(@i1kp Xizky ...,amki)T and a(j) is a vector consisting of coefficients a;j,, with i varying from 1 to m, and
ki varying from 1 to n. Zdenotes a vector consisting of sub-vectors, (4., ..., M), with 8 = (8;1, Biz, - - -» Bin)-
In its most generic form, all facets of H(z, y) take the form,

ar < By + [, (14)

with /% being a scalar. Associated with any facet of H(z, y), Smn = {(z, y)eBm"2 |(z,y) € H(z,y), that satisfy
(14) as an equality and are affinely independent}. From our discussion in Section 2.1, Smn consists of mn(n-

1)+m-1 affinely integer solutions. For notational convenience, Imn = {1,..., mn(n-1)+m-1} denotes indices
for each (z, y) €Smn. For each lelm, let M’(I)cM denote the set of opened agents with Ny, (DN, the set of

ki items assigned to ieM’(l). Clearly, Y;eymrqyki = n and Ugenmr ) Ni;(1) = N. Further, Sm, necessarily
contains the m solutions: yin = 1, zjj» = 1 for all jeN for each ieM. The remaining set in Sm, comprises of
solutions in which |M (1) > 2.
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Remark 2.1 An important observation about (14) is that the cardinality constraint (7) being an equality,
(14) can be transformed into an equivalent inequality by changing some of the coefficients as follows:

i) a7k - qitki4 A (15a)
i) Bk, = Bk, + ki, (15b)

forany A # 0. Similarly, with the semi-assignment constraint (4), (14) can be transformed into an equivalent
inequality by making the following changes,

i) a(j) = a(j) + A, (16a)
i) Po—= fo+ A, (16b)
forany A #0.

Using the aforementioned transformations, any facet of H(z, y) can be represented in a form wherein (a, f)
>0 and S > 0. Specifically, we will use those solutions corresponding to lelm, with |A2°(l)| > 2 for the
transformations. The following three-step procedure transforms a facet inequality of H(z, y) into one in
which (a, f) > 0 and fo > 0.

Algorithm_Transform:

)] Forany ieM, and ki =1,.., n, whose By, < 0, execute (15a) and (15b) with A = — ;.. /k;.

I ForanyieM, jeN and ki =1,..,n, whose a;;, < 0, execute (16a) and (16b) with A = -a; ;.

1)} ForeachieM, and ki=1,..,n-1, first determine amin = Min {a; ;i | jeN, Bix,/k;} and then execute
(15a) and (15b) with A = - amin.

It is important to note that in each of the three steps of Algorithm_Transform, the left-hand-side (I-h-s) and
right-hand-side (r-h-s) values of (14) change by the same amount for each (z, y)eSm.. Hence, after the
transformation, (14) is satisfied exactly by each (z, y) e Smi, While still remaining valid. It is also clear from
our earlier discussion in Section 2.1 that the m solutions: yin = 1, zjj, = 1 for each jeN are also part of Spn.
Therefore, without loss of generality, one can set a;;,= ao and B, = nay-Py, for each ieM, jeN.
Henceforth, our primary focus will be on coefficient vectors a'~*i and Bik;» where 1 <ki<n-1.

Lemma 2.4 After execution of Algorithm_Transform, the facet inequality (14) is transformed into one in
which (o, f) > 0 with a # 0, and /& > 0.

Proof: It is apparent that after Step 1), # > 0, and after step II), « > 0. Clearly, step IlI) of
Algorithm_Transform ensures that o # 0. Its execution indicates that a;j,, > 0 for some ieM, 1 <kj<n,

for each jeN. Hence, o > 0 with o # 0. For each lelm,, we have that

Gje, = ). Bk +Bo (17)
i€M' (1) jeNK, (D) €M’ (1)
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Suppose fo <0. Then (14) is transformed using (16a) and (16b), wherein A = -f/n. After this transformation,
fo=0and that « > 0. Next, in (14), using (6) and (7), the y variables are substituted out. Consequently, (14)
takes the form: a’z < 0, where o’ denotes the vector of revised o values after the substitution of y can be
suitably converted to one with S, = 0. By definition, o’z = 0 for each (z, y) € Smn, Which are mn(n-1)+m-1 in
number. This results in a{jki:O foreachieM, jeN, 1 <k; <n, suggesting that (14) is a linear combination

of constraints (6) and (7) making it trivial. Hence, /& > 0. 0

Remark 2.2 It needs to be noted that due to step I1) of Algorithm_Transform, either a;;,, = 0 for at least
one jeN, foreachieMandki=1,..,n-1, or that 8, = 0. We refer to the resulting inequality (14) as minimal,
and the z variables whose coefficients a;;,, = 0, as hidden assignments. They will play an important role

in the construction of Cardinality Matching inequalities alluded to later in this paper.

Definition 2.1 Let McM be defined as the smallest set of agents in M such that MNAM (I) # & for each
I €lmn in which |M°(1)| > 2. That is, M comprises of the minimal number of agents that are present in each of
the mn(n-1)-1 affinely independent solutions in Smn where |M (1) > 2.

There are then two distinct types of facets as they pertain to the construction of solutions in which |A(1)| >
2. In one type, |M| =1, and in the other, |M| > 2. The solution set illustrated in Figure 2 is an example of the
former, while that in Figure 1 illustrates the latter. Note that in the example illustrated in Figure 1, M = {i,
i}, if M = {i, i1, iz, is}. With regards to any facet (14), we will refer to agents in M as primary agents, and
the rest as secondary agents.

Proposition 2.1 Any minimal facet of H(z, y) in which g = 0 reduces to either a) z; ;. = 0, for some

i*eM, j*eN and 1 < k; <n-1, or b) constraint (8) for some i*eM.

Proof: An equivalent form of the inequality Zitjgp 2 0 is

kix—1
Z Z ZU k; + Z Zl*]*k + Z Zl*]*k < 1 (18(1)
ie{M—-i*} k;=1 ki=1 kp+1

which is obtained by adding —z;-; ke <010 the equality constraint (4) associated with j*. Another
equivalent form of inequality z;-; g 20 is obtained by executing step Ill) of Algorithm_Transform on

(18a) with amax = 1. The resulting inequality obtained is:

k; 1

n
z z z Zijki+ Z Z Zi*jk; + Z Zi*j*k; + Z Zi*j*k; <n (18b)
*+1

ie{M—i*} JEN k;=1 JE{N—-j*} ki=1

By substituting out all the y variables using (6) and (7), constraint (8) for i* reduces to

sz Zi*jks ZZ Zl]n— (19)

JEN kix=1 iEM jJEN
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We now proceed to show that all minimal facets of H(z, y) with g = 0 reduce to either (18a) or (19). For
such facets, the following equality:

Aiji; = Bo (20)
ieM' (1) jEN,; (1)

results for each lelm,. In the case of the m solutions in Sma: Yin = 1, zjjn = 1 for all jeN, for each ieM, (20)
reduces to Y jey @;jn = Bo. To identify the remaining mn(n-1)-1 affinely independent solutions in Smn, in

which |M°(1)| > 2, we consider two dichotomous cases: a) |[M|> 2, and b) |M| = 1.

We begin with the case of |M] > 2. Consider first those solutions (z, y)€Smn in which M (1) = {i1, i.}<M,
ki, =1,k;, =n—1and . is assigned to i,. Assume for the moment that k;- # 1 and k;- # n-1. Thus, if i;
is replaced by another primary agent ie M to which j, is assigned to, then (20) again holds. The same holds
true if i, is replaced by a secondary agent ie{M-M}. Thus, A1 = Aiyjn == @ j1 = . k=1,
then the above holds for all i #1i".

Using induction, it can be shown that, except for ;- ., all coefficients in afj) are equal, for each jeN.
This is accomplished by sequentially switching between solutions that exclude z;- . = 1. Consider a (z,
y)€Smn in which M(I) = {i1, iz}, with k; = 2, k;, = n — 2 and i;e M. Further, N, (D= {1, j2}- Then, (20)
holds for both when ire M and i1 M. Let iz be replaced by izand is with k;, = k;, = 1,and j: and j, assigned
to iz and is, respectively. Regardless of whether iz and is are primary agents or not, (20) holds. Therefore,

@i j2 + A j,2 = Qi+ Qg (21)
If in (21), j1 is replaced by js, then

@i j2 T Aijj,2 = A1+ A1 (22)
Similarly, with js replacing j. in (21), we obtain

@i j2 + Aijj2 = @1+ A (23)

If (@, j,2-@j,1) = A #0, then from (21), (a;, j,2-@j,1) = -A. From (22), one obtains (@;, j.>-a;,1) = (@, j,2-
aj,1) = A. However, from (23), a contradiction results with (a;, j, 2-a;,1) = -(;, j,2-@j,1) = -A, which is only
resolved when A = 0. Therefore, @;;, = a;; for each jeN. Now assume that a;,, = @jx,_1, for all jeN for
some ki >2. Consider a lelm with M°(l) = {iy, i}, ki, = k; + 1, ki, =n —k; — 1, satisfying (20). This
solution is perturbed by replacing iy with is and is, with k;, = k; and k;, = 1 with a jie Ny, (1) now
assigned to is. Since ajy, = ajx,— for all jeN, for some ki > 2, applying it recursively, one can conclude
that a;,, = a;; for all jeN. Therefore,

Ajk+1 T Y ggr1 = Z aj; + aj ;. (24)
JENk+1(D-J1} JEN+1 (D=1}

Alternatively,
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@ kt1 — A1 = — Z (@k+1 — Xj1)- (25)
[N a1 (D=1}

Now assume that, @; x,+1 — @j,1 = A% 0. A Joe{N-Ny ., (1)} is selected and exchanged with jy, i.e., after
the exchange joe Ny 41 (1) while jie{N-N, 1 (D}. With this exchange, (20) still holds and therefore the
right-hand-side of (25) remains unchanged, i.e @;,x,+1 — @j,1= A. It follows that Zje{Nki+1(l)—j2}(afki+1 —
aj;) = —A. Therefore, there must be a jse {Ny,+1(D) — j.}, for which ;.1 — @j,1 =As<0if A>0,and

As > 0if A <O. Letjiand js be exchanged wherein jie Ny 41 (1) and jse{N-Ny .1 (D}. Consequently,

_Zje{Nk.+1(l)—jz}(ajki+1 — aj;) changes by (A-As)#0. With this new exchange, aj,x,+1 — @j,1 also

changes by (A-A3)#0, a contradiction, which is only resolved if A = A3 = 0. Thus, for each je{N-j*}, a;;, =
a;, forki=1,.., n-1. When j=j*, Aoy, = @+ for each ki#k;+, and Apjge < Qe With regards to coefficients
@ijn, Using (6) are modified as follows. First determine, Ai = (oj - a;j,), for each ieM. Due to (6),
coefficients a;j,, and fin are modified as, a;;, — a;jn, + A; and By, = Bin, + A;, respectively. This ensures
that a;;, = a; for each jeN. Let, By setting A = (amaxc-@;) Where amax = Max {a;| jeN}, a(j) and po are
updated as per (16a) and (16b) for each j. As a result, an equivalent inequality in which a; is the same for
all j, except for a;- -, is obtained. Next, by setting A = A g and updating a(j) and fo as per (16a) and

(16b) for each j, an equality which is a multiple of (18a) is obtained.
Now consider the case of |[M| = 1 with M = {i}. Then, for each le I, since |M (1) > 2, M’(I) must contain
at least one secondary agent. Consider a (z, y) € Smn consisting of M’(l) = {i1, i}, k;, = 1, k; = n — 1, with
j assigned to iz (a secondary agent). By keeping the assignment to 7 fixed and reassigning j to another agent
ie{M-M"(I)}, (20) holds. Hence, a; j; = a;; for each ite{M-M}. Now consider a (z, y)€Sm in which
M(1) ={iy, T}, ki, = 2, k; = n — 2. Again, by keeping the assignment to i fixed, and varying the assignment
to i1, as described above in (21), (22) and (23), it is easy to show that «; ;, = a;; for each jeN and ire{M-
M?}. Extending this argument inductively from k;, to k;, + 1 using the logic of (24) and (25), ajx, = «; for
each jeN and ie{M-i}.
Consider again a lelm, in which M (1) = {is, T}, with jleNki1 (1) and jze{N-Nki1 (D}=Ny, (D for which (20)
holds. The feasible solution in which the assignments of j; and j, are switched also belongs to Smn.
Consequently

ajl + aijzki = ajz + aihki’ (26)
which alternately can be stated as

aihki - aijzki = ah - ajz’ (27)
for every pair {j1, j2}eN and every 1 < k; < n-1. Consider another perturbation of the solution, M (l) = {iu,
i}, in which the assignment of jobs in Nki1 (D) to iy is fixed, but jobs in N, (1) are now assigned to another

i # 1. Since (20) holds only for solutions that involve i, it follows that
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a; < z Aijk;s (28)
JENK, (D JENK, (D
for every selection of Ny, (D)< N. Naturally, a; < a;j, for every jeN. Since (28) holds for every 1 < k; <n-
1, @ < ayji, foreach 1 < k; <n-1. As a first step, the « coefficients are modified as follows. For each jeN,
A- —a; and (16a) and (16b) is executed. Consequently, after the update, a; ;= 0 for each ie{M-i}, 1 <ki
<n. Since a; < ayji,, @k, > 0 after the update. Further, due to (27), after the update, a;;;, = ay, for each
jeN,and 1 < k; <n-1. As well, B, > 0 after the update. In order to satisfy (14) as an equality, k;a;, = fBo.
Therefore, ay, = Bo/k;, and the resulting inequality is a multiple of (19). 0

The import of Proposition 2.1 is that in any minimal, non-trivial facet of H(z, y), (&, f) > 0 with 8 # 0. It
then naturally follows that if for any ieM and 1 <k <n-1, B, >0, then at=ki # 0. Otherwise, (14) cannot

be a non-trivial facet of H(z, y).
Definition 2.2 For each ieM, 1 <ki<n-1, N{Ll;'g: {i’eN| a;jri, = Minda;jx,|j € N3}

Lemma 2.5 For any (z, y)€Smn associated with a minimal, non-trivial facet of H(z, y), Niem' ) N{f}(’} # ¢,
in which 1 < k; <n-1 for each ie M (l).

Proof: The proof of the above is constructed by contradiction. Assume that for some l€lm, Niem’ 1) N{’l}ji‘

= ¢. Let such a feasible solution be denoted as (z, y)!. There must exist a pair {i,, i,}=M’(l) in (z, y)! for
which N{ln_”,iilmNi’Z"_”,;if ¢. There are three possibilities with regards to the composition of Ny, (1) and
Ny, (1). One possibility is that there exists jileNL-’ln_”,f,,ilmN,\,,l,1 (1), as well as a jizeNi’Zl_”,f,i2 NN, (D). By
assumption, ji, eN{Z”_”}qz and j;, eN{l”_”}(il. Consequently, a;,j, k;, < @ij, 1, AN @ijy e < @iy iy -
Therefore, upon switching the assignments of j; and j;,, (14) is violated, contradicting the fact that (14) is
valid.

A secon.d possibility is that while a jileN{f_i’,iilmeil (D) exists, i’f_"’,iiszkiz (D) = ¢. Suppose that a
jizeNi’Z"_”,lci2 is assigned to ize{M(l)-i1-i-}. We now consider the exchanging the assignment of j;, with
each jeNkiz (l) Since (14) is valid, (aiajizkig- aizjizkiz) > (ai3jki3- aizjkiz) for each jENkiz (l) For a
J €Nk, (D, let (aj,ju, - @iyjong,) = MaijNkiZ(l){(ai3jki3' iy ji ) W (@ he - Qi) = (@i k-
aizjizkiz)’ then upon exchanging the assignment of j;, and j", another feasible solution (z, y)?€Sm is
obtained. However, exchanging the assignment of j; and j;, in (z, y)? results in (14) being violated. Hence,

(z, y)?&Smn. In fact, all feasible solutions obtained by exchanging the assignments of j;, and j in (z, y)* for
each j €N, (1) do not belong to Smn. Similarly, in (z, y)?, all exchanges of assignments between jle{Nki1 -

Ji, } and sz{Nkiz (1)-ji, } result in feasible solutions that do not belong to Sm. The same is true for all
exchanges of assignments between jle{Nki1 (D-ji,} and je Ny, (D) for ie{M’(I)-i-i2} in (z, y)*. Thus, all
feasible solutions in which j;, is assigned to i. strictly satisfy (14). This then violates the assumption that
(14) is a facet. A final possibility is that in (z, y)*, Nl-’l"_”,ﬁilmei1 (D) = ¢ and Nl-T_”,iiz NNy, (D) = ¢. Consider
aji, eNi’l"”,;ilthat is assigned to iz e {M’()-i1-i-}. Suppose that by exchanging the assignment of j; with a
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jeNki1 (D), a solution that belongs to Smn is obtained, then this corresponds to the second possibility

described above. This completes the proof. 0

What is immediately clear from Lemma 2.5 is that in any (z, y) e Smn associated with a minimal, non-trivial
facet of H(z, y), for at least one je{Niem’qy NiZk; }: j€ Ny, (D), for some ieM(l). In any leM(l), let a
Je{Niem @y N{E;Zi‘} be assigned to {eM’(l). Since (14) is a facet, for all j’e{N| jeN{i‘}Z} for any ieM (1)}
and which is currently assigned to i’ e {M’(I)-i} with a cardinality k;r, the following holds:

Ai = a’irj/ki’ - aijrki = airjki, - aijki. (29)
The same holds if j " in (29) is replaced by je{N;em’ ) N[f;'(’:—j}.

Corollary 2.1 For some lelm, associated with a minimal, non-trivial facet of H(z, y) and a je Ny, (1), if
jeN then je{Nienrqy N}

Proof: To prove, assume the converse, i.e., for some lelmn, there exists a je Ny, (1) such thatjeNi"l;'{’}, but
je{Niem 1y N{Ef{lf}. Therefore, there must be an i’eM’(l) for which jeNl.’,”_“;i,. Suppose that a
je{Nien N{f}c’}} is assigned to i’. Then, if the assignments of j and j are exchanged, i.e., j assigned to i’
and j assigned to i, results in a violation of (14). That is because (a;;ry, — @;j7x,) > (@ijk; — Qijx;), unlike
in (29). This contradicts the fact that (14) is valid. Suppose that no je{N;em’ () N{L‘}Z}} is assigned to i'.
Rather, fe{N;emrqy N/"ir} is assigned to i e{M(I)- i'}. By exchanging the assignment of j with that of a
J € N, (D), the resulting solution belongs to Smn, due to (29). With this perturbed solution, exchanging the
assignment of j and j results in (14) being violated, a contradiction. 0

Lemma 2.5 and Corollary 2.1 both together suggests that in any | eln, associated with a non-trivial facet of
H(z, y), each je Ny (1) of ieM(I), is such that either je{N;em () N{f}c’;}, orjeNi’Zl,i{lf for each ieM’(l).

Proposition 2.2 Let McM denote a set associated with a minimal facet of H(z, y) as per in Definition 2.1.
Then, for all minimal, non-trivial facets of H(z, y), |M| > 2.

Proof: We proceed to show that all minimal facets of H(z, y) whose |[M| = 1 reduce to (19), a trivial facet.

Let M = {i}. Since |M(1)| > 2, each (z, y) €Smn cOnsists of at least one secondary agent. Consider a l€lm in
which M’(l) = {i, i}, 1 < k; <n-1and k; = n-k;. Therefore,

yj, + z Aiyjiki, = By T Biykey, + Po- (30)
jENT® je @)

It is clear from Lemma 2.5 that in A7°(l), there exists ajieN{f;i?ﬁNiT_iﬁiz- Further, for (14) to be a facet, n
independent selections of Nkl.zfrom N are required that satisfy (30). Therefore, by exchanging the

assignment of j; and each je{N-j;} between i and i,, (30) must hold. Thus, substituting i, for i’ and j for
J'» (29) holds, i.e., Ay = ayj, — i, jk;, for each je{N-j;}.
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For each secondary agent i,, A = A; as determined in (29) is used to update the coefficients a;, ke, and
Bi, ki, S specified (15a) and (15b) for each je{N-j;}. Consequently, «;, jkiy = Qijys for each i, e{M-1} and
each jeN. Next, let i, be replaced by two secondary agents i3 and i,, with respective cardinalities k;, and
k;, such that k; +k;, = k;,. The coefficients a;, jkiy: Bi3ki3, i, jiky, and Bi4ki4 are updated using (15a) and
(15b) for each je{N-j;} the same way as with i.. Since the choice of k;, k;, and k;, is arbitrary, after the
updates, iy jk;, = foreach jeN, 1 <k;, <n-1. As well, a;j;, = a; for each jeN, 1 < k; <n-1. The choice
of i, being arbitrary, 'Bizkiz = Bkiz, for each i, # I, which holds true for each 1 < k;, < n-1. Another
consequence of this transformation is that the I-h-s of (30) reduces to ¥, jey a; for each lelm. To complete
the transformation, a;, — a;, for each ieM and S, = X jen @ — By, for each ieM. We next define a, =
(2 jen @;)/n, and execute transformation (16a) and (16b) for each jeN, with A = (@ — ;). As aresult, a;jy,
= ag foreachieM, 1 <ki<n-1. Since na, = Y ey a;, fo remains unchanged. Since the I-h-s of (30) is equal
to na, for each lelm, By, + Bizkizz Bir+1 + Bizkiz_l, for each i, e{M-i} and 2 < k;, < n-1, given that
ki+k;, = n. Stated in another way, (Bix,+1 — Bik,) = (ﬂizki2 _ﬁizkiz_l) for 2 <k;, <n-1.If i, is replaced by
{i5, iy}e{M-i}, in which k;, = k;, — 1, and k;, = 1, then such a solution belongs to Sm, as well. Thus,
'Bkiz = ﬁkiz_l + B4, which holds for all 2 < k;, < n-1, which in turn implies that Bkiz = ki, B Similarly,
(Biry+1 — Piry) = Pr for 1 < ky <n-2, implying that By, = (ky — 1)B; + Py for 1 <k;<n-1.

By definition, for each lelm,, T necessarily belongs to M (l). Thus, if 7 is replaced by i; e{M-i-i5} in M (1),
then (30) becomes a strict less-than inequality. This suggests that Sy, < By, for each ie{M-i}, 1 <ki<n-

1. Therefore, B;; < B;. That being the case, (30) can be rewritten as:

nag = (ky — 1P + P + ki, B1 + Bo. (31)
Since n is integer and (k;+k;,) = n, it follows that ay = B; = B,, while f;; = 0 satisfies (31). Using (6)
and (7) to substitute out the y variables results in (14) to be a multiple of (19), a trivial facet. 0

Definition 2.3 For a given I€lm, let y;,,=1 for an ie M (1), along with z;;;, = 1, for je N (I). Then Co-I(i-
ki) denotes the complementary part of this solution, i.e. y;,, ,=1and z;r;, , =1 foreach]j €Ny, 0, i"e{M (1)-

i}.
Lemma 2.6 In any minimal, non-trivial facet of H(z, y), for each 1 < ki <n-1, B; y, = B, and alr=ki =
a2=i for all pairs {iy, i,}e{M-M}.

jki/

Proof: Consider solutions (z, y) € Smn in Which () = Wi, , with WM and i, ¢ M. By virtue of (z, y) € Smn,
D g B = ) Bre— ). i |+ o (32)
j€NKy (1) tew JENK, (D

In M (I, if i; is replaced by another i M with N, (D) = Ny, (D), (32) will hold for each ie{M-M-i;}. Since
(14) is minimal, X jen, @) Xijk; = Zjeng. (1) i, jiy, - Therefore, for each pair {is, i2}e{M-M} and 1 <k; <
i i1
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N-1, Bi,k;, = Bi,k,- It is clear from (32) that for any pair {is, i2}e{M-M} and 1 < ki <n-1, Co-S(ir-k; ) =
Co-S(iz-k;, ). Therefore, for each 1 <ki <n-1, a*~*t is equal for all ie{M-M}. O

It needs to be noted here that unlike in the case of secondary agents, for any pair {i;,i,}€M and 1 < ki, <
n-1, Co-S(i;-k;, ) need not equal Co-S(i,-k;,). Therefore, a1~k need not equal a'27iz, where ki, = ki,

Definition 2.4 amin;,; = Minjen {a;j,| for eachieM, 1 <kj <n-1}.

It is clear from Lemma 2.6 that in any minimal, non-trivial facet of H(z, y), since a'~*: is equal for all
ie{M-M}, amin; j, = amin,,, for each pair {i1, i.}e{M-M} and 1 < k;< n-1. We proceed to show the

same for each pair, {i;, i,}eM.

Lemma 2.7 In any minimal, non-trivial facet of H(z, y), amin; ;, = amin;,, for each pair {i,, i,}eM, 1
< ki <n-1.
Proof: We begin with the case for k; = 1. Consider a l€lmn in which M°(1) = {i;, i} with i, e M, ki =1,
i,e{M-M} and ki, =n-1.1f i is replaced by a te{M-1,} in M (I) with k; = 1, the resulting solution also
belongs to Smn. This holds for any i M. Letji(min)e{N{f,i?mN{z’l_"’,‘(iz}. Then, due to Lemma 2.5, a feasible
solution in which j; i,y is assigned to £, and the rest to i, belongs to Sm. Therefore, (8;; — a; ji(mm)l) is
equal for all e M. Since (14) is minimal, A jymimy1 = AN is equal for all ie M. As well, B;; is equal for
all ie M.
Next, consider a lelmn in which M(I) = {W, i,}. Here, for some £; €M and W<{M-i;}, k; = 1 for each
ieW and k;, = n-||. Due to Lemma 2.5, there exists a jiymin) € Niem’ @y Ny Since (Byy — Wiy mimy1) 1S
equal for all i M, replacing i; with i, e {M-i,} and reconstituting W, with k;, = n-|W| and k; = 1 for each
W, the replaced solution also belongs to Smi. Therefore,
Uyjrg, ~ Bk, = z Uiy jkey, ~ By k- (33)

jENG, JENIG, ()
Since (14) is minimal, it follows that amin; , = aminy,, for each {i;, i,}eM, n-|M|+1 <k; <n-1. Finally,
consider an lelmn in which A1°(1) = {M, i,} with i, e{M-M}. Here, there is a designated i, e M with 1 < k;
< n-lMl, ki =1 for each iE{M'il}, and kiz = n-ki1-|M|+1. As with (33), ZjENkil(l) ai, j ki, ~ 'Bil kilis the
same for all i, eM, for a given 1 < k; < n-|M|. With (14) being minimal, amin; j, = aminy,, for each
{il, iz}EM, 1 Skifn'lﬁl T

From the minimality of non-trivial facet (14) and Lemma 2.7, the following property is immediate.
Corollary 2.2 In any minimal, non-trivial facet of H(z, y), B;,1 = B;,1 for each pair {i,, i,}eM.

Proposition 2.4 In any minimal, non-trivial facet of H(z, y), amin;, = 0, for each ieM, 1 <k <n-1.
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Proof: To prove, we first show that for each ieM, amin;;,, = amin; for all 1 <ki <n-1. If so, then due to
Lemma 2.6 and Lemma 2.7, it follows that amin;;,, = amin for each ieM, 1 <ki <n-1. If amin >0, then

due to minimality of (14), g = 0, which as per Proposition 2.1 implies that (14) is trivial.

For ieM and a 2 < k; < n-1, define Ay, = aming,-aming;. Consider a (z, y)teSmn in which M°(l1) = {i,
i, }cM, with ky, =1 and k; = n-1. Since amin;; = amin; 4, due to Lemma 2.5, Ay, = ayjy, — a;, j1 for
each jeN. Consider first the case of Ay, >0. Due to minimality of (14), aming,,>0 and By, = 0. Let (z, y)?
be perturbed to obtain (z, y)? in which M(l2) = {i, i;, i,}=M, with ki, = k;,= 1 and k; = n-2. Clearly, (z,
y)?€Smn. Therefore, Agy,—1 = aming _q-aming = ayj,—1 — @y, j; for each jeN. By substituting (z, y)* and

(z, y)? in (14) respectively, one obtains

Ayje; — Piky = 2 ay,j1 = Bi1 + 2 Ajk-1 — Bikg-1» (34)
JEN; (1) JENK;, (L2) JENk-1(l2)
for each selection of Ny, (I;)cN with Ny, (l;) = Ni,, (I2)UNy,_,(1;). From Lemma 2.7 we have that
amin; 1 = aming, . Therefore, for (34) to hold, aming, _,>aming,>0. The above perturbation is repeated
sequentially wherein the set M(l) is expanded recursively by adding f is added to it with k;, =1 while
reducing the cardinality of i by 1. As a result, aming,, _,>aminy,>0 holds for N-|M[+2 < k; <n-1. For 2 <
ki <n-|M|+1, let (z, y)“eSmn be defined by M (k) = M. Here, besides , & e{M '(I)-i} with k;, = n-k-|M[+2,
while for each of the remaining, ;€ {M"(l)--}, k;, = 1. Starting with (z, y)eSmn, consider the following
perturbation. A feasible solution, (z, y)“** is constructed by introducing a i; e{M-M} in A (ly) with ki, =1,
while the cardinality of  becomes k;-1. Clearly, (z, y)“**eSm. Since both (z, y)* and (z, y)*** belong to Smn,

iji; — Bk, = Z @i j1— Bi,1 t Z iji;-1 — Biky-10 (35)
JEN; (L) JENk; (lie+1) JENg;—1(Ik+1)

for each selection of Ny, (I, )=N. We know from the proof of Proposition 2.2 that (X jen, ;) @i, j1 — Bi,1)
i
> (Xjeny. @) @iy j1 — Biy1) for each Nkzl (Ix)N. Therefore, for (35) to hold, aminy,_, > aminy, > 0 for
4

2 < k; < n-|M|+1. However, the fact that amin;; > amin;, violates the initial assumption that aming, >
aming;. Hence, Ay, <0 for teM, 2 <k; <n-1.

For each ie{M-M} and 2 < k; <n-1, let Ajk; = aming -aming, . Using arguments, similar to that for Ay,
2 < k; <n-1, it can be shown that A, <0 for ie{M-M}, 2 < k; <n-1. Suppose that Ayy,< 0 for one or more
ieM,2<k;<n-1.Similarly, let Ay <0 forie{M-M}, 2 <k; <n-1. Then, aminy; >0and g; ; = 0. Further,
aming, > aming,, for 2 <k; <n-1, and amin;; > aminy,, for each ie{M-M}, 2 <k; <n-1. In such a case,
set A — -amin;, and execute (16a) and (16b) for each jeN. Consequently, for some ieM, 2 < k; < n-1 and
ie{M-M}, 2 < k; < n-1, aming,, <0 and amin;;,<0, respectively. In all such cases, (15a) and (15b) is
executed by setting A — -aming,, and aminy, —amin;,,, respectively. After both these transformations,
f0>0. Otherwise, (14) cannot be valid. Therefore, amin;;,, =0, for each ieM, 1 <k < n-1 and the proposition
holds. If Ay, =0 for each teM, 2 < k; < n-1, and A, =0 for ie{M-M}, 2 < k; < n-1, then as well the
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proposition holds if amin;; = 0. On the other hand, if aming; > 0, then (14) reduces to trivial facets as per
Proposition 2.1. 0

An immediate consequence of Proposition 2.4 is that in any non-trivial facet (14), there exists at least one
Jik; €N, whose potential assignment to i with cardinality 1 < k; <n-1, is hidden, i.e., coefficient Xijge ey =
aming, = 0. What also follows from Lemma 2.5 is that in any non-trivial facet of H(z, y), a;;,, = 0 for
every je N2y, 1 < k; < n-1. In addition, for each lelm associated with a non-trivial facet of H(z, y), (29)
applies. This suggests that a;,, = a(>0 for each j& N;epmr 1y N{ffg, I elmn associated with a non-trivial facet

of H(z, y). This greatly simplifies the structure of non-trivial facets of H(z, y). For each l€lnn,

G =) Bu+ho (36)
iem’' (1) je{Nki(l)—N}’j;'g; iem' ()

Clearly in (36), both ;. for each ieM'(l), and S, are multiples of a,. Finally, a;;, = 1, for each ieM,
jeN and B;, = n-f,, after dividing by «,. It immediately follows that all non-trivial facets of H(z, y) are
canonical in which all coefficients of z variables are 0-1, while f;; >0 and integer for each ieM, 1 <ki<n.
As well, 5,>0 and integer. Thus, the I-h-s of (14) can be viewed as a ‘count’ of jobs whose assignment is
not hidden (i.e., those whose coefficients equal to 1), while its r-h-s can be viewed as the total cardinality
provided by agents to ‘match’ the count of non-hidden jobs. With this, we now frame the non-trivial facet
inequalities of H(z, y) as p-Agent Cardinality Matching inequalities.

3.0 p-Agent Cardinality Matching Inequalities for (P)

The p-Agent Cardinality Matching inequalities are defined by the set of, a) W, < M agents with |Wy| =p >
3, and b) HycN N jobs. In Di Francesco et. al [15], the Cardinality Matching inequalities with p = 2, has
been described in some detail. To avoid repetition, we will confine ourself to discussing these inequalities
with p > 3. For each ieW,, a ‘partitioning’ cardinality 2 < k(i) < n-p+1 is defined which partitions the
cardinalities of i, into two sets: a) K;” = {1,..., k(i)-1}, and b) K;"= {k(i)...., n-1}. Given a fractional extreme
solution (z, y)eLP(z, y), the sets defined above neatly isolates in (z, y), the fractional part. The fractional
part is confined to agents ie W, and jobs je N'. Thus, for each ieWp and je N, 0 <y, <1land 0 <z, <
1 for at least one 1<ki<n-1. Furthermore, this segregation is ensured by i) ZiEWp 7(‘1;11 zij, = 1, for each
jeN’andii) ZiE{M—Wp}Z;cli_zll zijk; = 1 foreach je{N-N"}. Finally, the partitioning cardinality k(i) for each
ieW, is identified in the following way. If for an ieW,, 0 <y;;, < 1 for exactly one k;, then either k(i) = k;
ork(i)-1 = k;. If 0 <y, <1 fortwo or more k; values, then the cardinalities associated with the fractional
y values are evenly distributed between K;~ and K;*.

The set HycN’ denotes the collection of jobs whose potential assignment to each ieW,, either with
cardinalities, kieK;* or kieK;~, are hidden. In addition, depending on the relative values of |Hg| and p,
assignments of some jobs je{N-Hq} to ie W, may also be hidden. Consequently, the coefficient a;;;, = 0,
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in the p-ACM inequality for each such hidden assignment. The coefficients of all remaining z variables is
equal to 1. The p-Agent Cardinality Matching (p-ACM) inequalities are broadly classified into two: a)
Complete p-ACM, in which |[N’| = n” > 2P, and b) Partial p-ACM inequalities in which n” < 2°-1. We first
present the Complete p-ACM inequality given its simple structure. The Partial p-ACM inequalities consists
of two different structures depending on the relative sizes of »’, p and the partitioning cardinalities k(i) for
each ieW,.

3.1 Complete p-Agent Cardinality Matching Inequalities

In the Complete p-ACM, the r-h-s parameters of (14) are specified as:

i) Po=p-1, (37a)
i) Pin = n-p+1 for each ieM, (37b)
iii) For each ieW,, if n-p+1 <k <n-1, then B, = n —p, else By, = k; — 1, (37¢)
iv) For each ie {M-W,}, if ki > n-p, then B, = n — p, else By, = k;. (37d)

It is evident from (37a) and (37c) that whenever every agent in W, is utilized, the r-h-s of Complete p-ACM
will be n-1. If ki > n-p jobs are assigned to an agent ieW,, while the remaining (n-ki) jobs are assigned (n-
ki) agents in {W,-i}, i.e., ki = 1 for each of the (n-k;) agents, then as well the r-h-s is n-1. The same holds if
ki > n-p jobs are assigned to ie{M-W,}, while the remaining (n-ki) jobs are assigned to (n-k;) agents in W,.
In all other feasible instances, the r-h-s is at least n.

The central idea behind the Complete p-ACM inequality is that, when all agents in W, are utilized, then its
I-h-s is at most n-1. This is achieved by ensuring that the assignment of at least one jeH, is hidden from
every ieWpand ie{M-W,} in any feasible solution. Let Wq(j)cW, with |Wq(j)| = g, denote a unique selection
of agents, that is associated with a je Hq where 0 < g < p. In Complete p-ACM, the potential assignment of
ajeHq is hidden from: i) each ieWq(j), kieK;", ii) each ie {W,-W,(j)}, kieK;*, and iii) each ie{M-W;}, 1 <
ki < n-1, provided a feasible solution is possible with such an assignment. Of course, the assignment of a
jeHq to an i with cardinality ki being hidden implies that a;;;, = 0. It follows that, [Hq| = 220 pCq=2".
The nomenclature, ‘Complete’, conveys the notion that the partitioning cardinalities k(i) and k(i)-1 across
all ieW, are large enough to be able to assign all 2° jobs in Hq to agents in W,. To enable this, the Complete
p-ACM inequality requires that ki, = Min{k(i)lieW,} > [(2 — 1)/p]+1. Therefore, ¥;ew,, k(i) = 2P+p.
In addition, n’ = Ziewp k(i) —r for 1 <r <p-1. This points to feasible solutions in which all jobs in »n” are

assigned to agents in W,, wherein for each ieW, the active cardinalities are, ki = k(i) or ki = k(i)-1.

Consider the assignment of jeHq to ie{W-Wq(j)} for a kieK;*. For q < p-2, a feasible solution with such
an assignment is possible if

k(i) +k; +q<n (38)
i €Wy —Wo () -1}
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Note that the I-h-s in (38) represents the sum of k(i *) jobs assigned to each i ’e {Wp-Wjq(j)-i}, one job assigned
to each agent in Wq(j) amounting to g, and ki jobs assigned to i. Clearly, (38) must be satisfied in any feasible

solution in which k; jobs are assigned to i with all agents in W, utilized. Let kjnax1(q) = n-0-
Zi,e{wp_wq(j)_i]k(i’). If Ki < Kimax1(@), aijk; =0, else a;j,, = 1. In the case of q = p-1, (38) is

automatically satisfied for each ki < n-p+1. When k; > n-p+1, the remaining n-k; jobs are less than g. Here,
feasibility is achieved by assigning each of the (n-ki) jobs to (n-ki) agents in Wq(j). Thus, in this case, a;j, =
0 for all kieK;". Now consider the assignment of a jeHq to ie {M-W,} for which q < p-1. Here, if

k(i) +k+q<n, (39)
i Wy, —Wo (7))

then a;j;, = 0, else a;j;, = 1. As with (38), satisfaction of (39) implies that a feasible solution is possible
with assigning jeHq to ie{M-W,} for a given ki. Thus, given that k;;,qx2(q) = n-q-zi,E{Wp_Wq(j)}k(i’), if
ki < Kimax2 (@), @iji; = 0, else a;j,, = 1. The hidden assignments for each jeHq are as follows:

a) assignment of jeHg to each ieWq(j) with k; < k(i)-1, (40)
b) assignment of je Hq to each ie {Wp-Wq(j)} for k(i) <ki < kimax1(q), (41)
c) assignment of jeHq to each ie {M-W,}, with 1 < ki < k;ijpax2(q) iIfq<p-1,else with 1 <kj<n-1. (42)

For notational convenience, let Hg (1) = {jeHq| q = I}. The Complete p-ACM inequality can be stated as

n-1

2 2 w2 ) ) mmt ) ), )
iEM jE{N—Hgq} k;=1 iEW,()) JEHq k,-EK;' IE{Wp—W4(j)} JEHq KiEK}
p—2 n-1 p-1 n—1
IR NS N LD I I WD N
IE{Wp—Wq(J)} q=0 j€H; (q) ki=Kmax1(@)+1 iE{M-Wp} q=0 jEH; (q) ki=kmax2(q)+1
S
iEM jEN
n-p n-1 n-p-1
< Z Z(ki = Dy, + Z Z (n = D)yix, + Z Z kiyir,
IEWp k=1 IEWp kj=n—p+1 iE{M—Wp} ki=1
n-1
) =i+ ) —p+ Dy + (0= D (43)
ie{M-wp} ki=n—p iEM

The following example illustrates the construction of the Complete p-ACM inequality.

Example 3. Consider a (Pz) withm =4, n =12 and W, = {1, 2, 3}. Since |Wy| = p =3, |[Hq| = 23 =8. Let Hq
=1{1,2,....,8}and k(1) = k(2) = k(3) = 4. Here, Wo(1) = ¢, W1(2) = {3}, W1(3) = {2}, W1(4) = {1}, W(5)
= {2, 3}, W(6) = {1, 3}, Wa(7) = {1, 2} and W5(8) = {1, 2, 3}. Here, o = 2, ajjr1z =1 for eachieM, jeN
and fir2 = 10 for each ie M. The remaining g values are: i) fori =1, 2 and 3, ﬁiki = k;—1,k=1,.., 10,
and By, = 9, ki =10, 11, ii) fori = 4, By, = ks, forks=1,..,8,and B, = 9, ks =9, 10 and 11.
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The following constitute the set of hidden assignments: i) For j = 1, its assignment to each ie{1, 2, 3} with
ki = 4 are hidden. That is because Wo(1) = ¢, and therefore as per (38), kijmax1(0) =4 fori=1, 2 and 3. ii)
For j = 2, as per (40), its assignment to i = 3 with 1 <ks < 3 are hidden. Furthermore, k;;,4,1(1) =7 and
Kimax2(1) = 3. Therefore, its assignment to ie {1, 2} are hidden for 4 <k; < 7, while its assignment to i =4
is hidden for 1 < ks < 3. Similarly, for j = 3 its assignment to i = 2 is hidden for 1 <k, < 3, its assignment to
ie{l, 3} are hidden for 4 < k; < 7, while its assignment to i = 4 is hidden for 1 < ks < 3. For j = 4 its
assignment to i = 1 with 1 <k; <3, to ie{2, 3} with cardinalities 4 <k;<7,and to i = 4 with 1 <ks <3, are
all hidden. iii) For j = 5, as per (40), its assignment to i< {2, 3} with 1 <k; < 3, are hidden. For j = 5,
Kimax2(2) = 6. Its assignment to i = 1 with 4 <k; <11, and to i = 4 with 1 <ks < 6 are hidden. Similarly,
forj =6, its assignmenttoie {1, 3} with 1 <kj<3,t0i=2with4<ky<11,andtoi=4 with 1 <ks<6 are
hidden. For j =7, its assignment to i {1, 2} with 1 <kj<3,toi=3 with4 <ks<11,andtoi=4 with 1 <
ks < 6 are hidden. For j = 8, its assignment to ie {1, 2, 3} with <k <3, and to i =4 with 1 <ks <11, are
hidden. O

Proposition 3.1 Every (z, y)eH(z, y) satisfies the Complete p-Agent Cardinality Matching inequality (43).

Proof: To begin with, it is worth noting that in any given (z, y)eH(z, y), the corresponding I-h-s of (43) is
at most n. Clearly, the m solutions: yin = 1, zjj» = 1 for each jeN, satisfy (43) as an equality. All remaining
feasible solutions in (P) consist of active agents |M’(1)] > 2.

I) Consider feasible solutions in which, i) |M (I)"W,| < p, ii) ki < n-p+1 for each ie{M (I)nW,} and
iii) ki < n-p for each ieM’(DN{M-W,}. Therefore, the r-h-s of (43), ZiE{M:(l)an}(ki -
1)+ZiE{M:(l)n{M_Wp}} k;+(p-1) > n. Hence, for such solutions, (43) is satisfied.

I1) Consider feasible solutions in which for some ie{A(I)nW,}, ki > n-p+1. For such solutions, the r-
h-s of (43) will be n-1 only when the remaining n-k; jobs are assigned to n-ki agents in {W,-i}. There
exists a jeHq with Wy(j) = {W,-i}. Its assignment to i with k; > k(i) and to each i’e{W,-i} with k; <
k(i )-1 are hidden. This results in the I-h-s of (43) being at most n-1, thereby satisfying it.

I11) Consider feasible solutions in which for a ie M ’(I) "n{M-W,}, ki > n-p. Here, the r-h-s of (43) will
be n-1, only if the remaining n-k; jobs are assigned to n-k; agents in W,. Since n-ki < p, such an
assignment is possible. The assignment of jeHq for which Wq(j) = W,, is hidden from ie{M-Wy}
with ki > n-p and from each i’eW, with k;- < k(i ’)-1. Therefore, here as well the I-h-s of (43) is at
most n-1, resulting in (43) being satisfied.

IV) Finally, consider feasible solutions in which [M’(I)nW,| = p. The r-h-s of (43) corresponding to
such solutions is n-1. In each such solution, there exists a VpcW, with |V| = g, in which, i) for each
ieVp, ki< k(i)-1, ii) for each ie{Wp-V,} k(i) < ki < kimax1(q), and iii) for each ie{M’(1)-W,} 1 <k; <
kimax2(Q). However, associated with each such solution, there exists a jeHq whose assignment to
agents, ieVy, ki < k(i)-1, ie{Wp-Vp} k(i) < ki < kimax1(q), and ie{M’(1)-Wp}, 1 < ki < Kimax2(q) are
hidden. Thus, corresponding to these solutions as well, the I-h-s of (43) is at most n-1. 0

Theorem 3.1 The Complete p-Agent Cardinality matching inequality (43) is a non-trivial facet of H(z, y).
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Proof: As per Proposition 2.2, non-trivial facets of H(z, y) are constructed around M — M, with |[M] > 2. In
(43), W, = M, with p> 2, and therefore non-trivial facets of H(z, y) can be defined by setting M = W,. From
our discussion in Section 2.2, in any non-trivial facet of H(z, y), a;;,=0 for each je l-m;;", while a;j, =1
for each je{N- N"“"} ieM, 1 <k <n-1. In addition, due to Lemma 2.6, By, = By, for all ie{M-Wy}. As
well, since a;,,=0 for each JeN"”” due to minimality of non-trivial facets, By, = ﬁki for all e W,, for
each 1 <k; <n-1. Thus, all minial, non-trivial facets of H(z, y) take the form:

Z Z ZZU"L Z Z nizijkﬁzzzun

IEWp je(N- Nmm iefM-Wp} je(N- Nmm} ki=1 iEM jEN
<y Z B Vi, + Z Z Bi Vit + Bo (44)
lEWp kl M Wp} kl

In (43), for each i € W, if kyeK;™ then N/ = {jeHq| teWq())}, while if kyeK;* then N7 = {jeH|
te{Wp-Wq(j)} and k(?) < ki< kimax1(Q)}. For each ie{M-W,}, N{f}c’i‘ = {jeHq 1 <ki <kimax2(q)}. Thus, as
with (44), neither N/M? © nor Nmm in (43) are null.

Assume that (43) is not a facet. Therefore, there exists a non-trivial facet (44), comprising of sets, W, ’i”"

fori € W,, 1 <k;<n-1,and N{l’}{} for ie{M-W,}, 1 <ki <n-1, that are identical to that in (43). Let F(z, y)
= {(z, y)eH(z, y)| (44) is satisfied as an equality}, while G(z, y) = {(z, y)eH(z, y)| (43) is satisfied as an
equality}. Since (44) is a facet while (43) is not, G(z, y) = F(z, y). Thus, if (z, y)eG(z, y), then (z, y)eF(z,
y) as well. In the arguments to follow, we examine a set of integer solutions (z, y)eG(z, y), using which

(44) is shown to be a scalar multiple of (43). That being so, the only way (43) is not a facet is if one or more
sets Nm and Nm”i‘ in (44) are strict subsets of corresponding sets in (43). Using sequential lifting,

coefﬁments agji, foreach i € W, 1 <k;<n-1, je min as well as agji, for each ie{M-Wy}, 1 <ki<n-1,
je lmﬁf, are attempted to be lifted. If after lifting, aII these coefficients remain zero, then (43) is indeed a

non-trivial facet of H(z, y).

The following are the set of integer solutions (z, y)eH(z, y), referred to above:

a) (2, V)" Yix, = 1, for some ie{M-W,}, n-p <ki <n-1, y;; = 1 for each ieMp, Mp,cW, and [My| = n-ki.

b) (z, y)* Yirky, = 1, 11€Wp, n-p+1 <k; <n-1,y;; = 1 for each ieMp, My c{W,-i; } and [My| = n-k;, .

d) (z, y)*: For some 0 < q < p-1 with a selection of Wq(j*)cW, in which [W,(j*)| = 0, ¥ )-1= 1 for each

1eWq(*), v = 1 for each fe{Wp-Wq(*)}, and y;, =1 for some ie{M-W,}, where k; =
Liew,-w, (i)} K (© - Ziew, (i» k(@ — 1).

We first show that (z, y)°eG(z, y), s = 1,..,, 3. It is readily apparent that the r-h-s of (43) obtained by
substituting each (z, y)°, s = 1,.., 3 in it is (n-1). In the case of (z, y)*, let j*eHqy denote the job for which
|Wq(*)| = q = p, and whose assignment to each i€ W, with cardinality k;eK; , and to each ie {M-W,} with
n-p < ki < n-1is hidden. In (z, y)}, j* and all the remaining jobs je{Hq-j*} are assigned to ie{M-W,} with
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n-p < ki < n-1, while all je{N-Hg} are assigned to the remaining slots in i-k; and to each {eW,. Since n >
|Hg[+p, such an assignment is possible. For each je{Hq-j*}, [Wq(j)| < p-1 and therefore its associated
Kimax2(q) < n-p-1. This implies that the assignment of no job je{Hqj*} is hidden from any ie{M-W,}
with n-p <k; < n-1. On the other hand, the assignment of j* is hidden from precisely those agent-cardinality
sets that are active in (z, y)'. Thus the I-h-s of (43) is exactly n-1. In (z, y)? there exists a j*eHq whose
[Wq(i*)| = p-1, and whose assignment to {; €Wy, n-p+1 < k; < n-1, and each fe{Wy-i;} with k;eK; is
hidden. In (z, y)?, all jeHgq including j* is is assigned to ;. Since n > |Hq|+p, such an assignment is possible.
Clearly, all je{Hq-j*} for which i; eWq(j), its assignment to i; with k; >n-p+1is not hidden. Next, all jobs
je{Hq-j*} for which i; Wq(j), its [Wq(j)| = g < p-2. For such jobs, it follows from (38) that k;;,qx1(q) <N-
p and therefore their assignment to i; with k; > n-p+1 is not hidden. The remaining jobs {N-Hq} along
with j* are assigned to the remaining slots in i; and to each ie My, M, = {W,-1,}. Since only the assignment
of j* is hidden in (z, y)?, the I-h-s of (43) is exactly n-1.

In (z, y)?, the jeHq, whose |Wq(j)| = p, be assigned to an e {Wy-Wq(j*)}. Each jeHq for which |Wq(j)| = p-1
is assigned to a f&W,(j), all with cardinalities of k;e K. That je Hq for which g = 0, is assigned to a i€ Wq(j*)
with a cardinality of k(?)-1. None of these assignments are hidden. The remaining jobs in Hywith 1 <q <
p-2, are assigned as follows. For a je {Hq-j*}, if there exists a teWq(j) such that 7 Wq(j*), then j is assigned
to T with cardinality k(7). If such an agent does not exist, then there must a &Wq(j) such that ie Wq(j*), in
which case j is assigned to 7 with k; = k(i)-1. This ensures that none of these assignments are hidden.
Furthermore, since X;ew, k(i) = [Hql+p, such an assignment is definitely possible. Finally, all jobs in {N-
Hq}, along with j* are assigned to remaining slots in W, and ie{M-W,}. Therefore, associated with (z, y)?,
the I-h-s of (43) is exactly equal to n-1. Thus, (z, y)°* fors=1,..., 3 all belong to G(z, y).

Consider an instance of (z, y)'eG(z, y), in which ki = n-1, [My| = 1 and i, € M,. Substituting this solution in
(44), one obtains its r-h-s to be, f; 1+ n—1+Bo- Due to Corollary 2.2 and Lemma 2.6, f;; will be referred
to as f3;, for each ieW, and Bix; as B, for each ie{M-W,}, respectively. Since (z, y)teG(z, y), the I-h-s of
(44) is n-1, where j*eHq corresponds to |Wq(j*)| = p. This solution is perturbed by introducing another
ie{W,-M,} with a cardinality of 1 while reducing the cardinality ki to n-2. The perturbed solution also
belongs to G(z, y). Consequently, with the perturbed solution, the I-h-s remains n-1, and the r-h-s of (44)
becomes 2;+B,_,+By. Therefore, Bi+B,_1+By = 2B1+Bn_p*Bo, Tesulting in B,_,=B,_,-f1. By
sequentially introducing a ie {W,-M,} and reducing the cardinality of ki by 1, one obtains

Brt = Pntz1— Bul=2,..,p. (45)
Perturbing (z, y)? in a similar way, one obtains the result
Bin-1= Bin-141— Bul=2,..,p— 1. (46)

Since the I-h-s of (44) remains n-1 both for (z, y)* and (z, )2, Bin—i = Bn_t = Pn_s, fOr1=2,..., p-1.
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Now consider an instance of (z, y)*eG(z, y) in which ki = n-p and M, = W,. This solution is perturbed by
introducing i’e{M-Wg-i} with k;- = 1, while reducing the cardinality ki = n-p-1. The job that was assigned
toiin (z, y)!is now assigned to i’. The perturbed solution belongs to G(z, y) as well with the same j*eHjq
being hidden from all active agents in both solutions. Therefore, with both solutions, the I-h-s of (44)
remains n-1, and B,_,_1 = Bn_p-P1. This result can be generalized by progressively transferring jobs
assigned to i, to a new agent i’e{M-Wq}. Thus, By,_1 = Bi,-B1, for each p < ki < n-p-1. Now consider a
variant of (z, y)*eG(z, y) in which q = p with y;;)—1= 1 for each teW,. Here, for some ie {M-W,}, ki = n-
Ziewp(k(i) — 1) > p. Here as well, by introducing a i 'e{M-Wg-i} with k;> = 1, and reducing the cardinality
ki by 1, we obtain the result Sy, = By, 41 — f1, for L<ki< n—ZiEWp(k(i) — 1). Thus, in addition to (45), the

general result is
Bki = Bki+1 —Brki=1..,n—-p-1 (47)

Now consider a (z, y)*G(z, y) in which k;, = n-p+1 and M, = {W,-;} with y;; = 1 for each ieM,. This
solution is perturbed by reassigning a job j that was assigned to i; to an ie{M-W,}, to obtain another (z,
y)*eG(z, y). Inthis solution, k; = n-p and ki = 1. In both solutions, the same j*<Hyg is hidden from all active

agents and therefore the I-h-s values in (44) remain unchanged. Consequently, ﬁ’n_pﬂ = By n—p*B1. Note
that this relationship holds for every i; eW,. Hence, Bn_p+1 = [?n_p+ﬁ1. This process of perturbation can
be generalized, wherein there exists a (z, y)*eG(z, y) in which 2 < k;, < n-p. This solution is perturbed by

reassigning jobs that was assigned to i; to an unassigned agent ;' {M-W,}. Consequently, in the perturbed
solution, k;, — k; -1, and k;» = 1. Such perturbations provide us with the result,

Bri, = i +17 By, for 1<k, <n-p. (48)
Based on (47) and (48), it is clear that regardless of whether (z, y)!, (z, y)? or (z, y)? is substituted in (44), its
r-h-sis

phi+(n—p)Bi+Py=n—1 (49)
If in (z, y), © is replaced by i’e{M-W,-i}, with y;1 = 1, the resulting solution satisfies (44) as a strict
inequality. This suggests that 8, > f;. That being so, 8; = B;-A1, with Ay > 0. Therefore,

nB; —pA;+ Gy =n-—1 (50)

Clearly, g; > A;>0and ,>0 and integer. Since n > p and ,>0, 8; = 1. Otherwise, (50) cannot be satisfied.
Therefore, A; =1 and B, = p-1. Thus, (44) is identical to (43), provided one or more sets, L’f}jj and N{L‘;'(’i‘

in (44) are not a subset of equivalent sets in (43). If in fact that is the case, sequential lifting is performed

to lift each of the coefficients of variables that correspond to assignments that are hidden in (43). Let a z <
B’y+(p-1) denote a compact representation of (43), and WHK = {i-j-ki| ieM, jeN, 1 <ki<n-1, a;j;, = 0 in
(43)}. To lift the coefficient of z;/ ;. , whose (" -ki’) eWHK, the optimization problem solved is:

ayjry, = Min {B'y+(p-1) - a2 (4)-(9), 277, = 13- (51)
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Note that since (43) is a valid inequality, #’y+(p-1)-o.’z > 0 for every (z, y)eH(z, y). Furthermore, solutions

(z,y)%, s=1,.., 3satisfy (43) as an equality. Hence, regardless of the order in which indices i -j -k;- in WHK
are considered, a;rj; , = 0, for all (i’-j"-ki) eWHK. Thus, (43) is a non-trivial facet of H(z, y). 0

We now shift our attention to identifying fractional solutions of LP(z, y) (defined in (11)), that violate
inequality (43). In fact, the fractional solutions that we identify violate (43) by the maximum possible
amount of 1. Fractional solutions (z, y)'eLP(z, y) are defined by A/’cM and N'’cN as follows:

i) 0<yik—1 = Ik, <1 0<yi, = Jk, <1land P, + Ik, = 1, foreachieM", (52a)
i) Ziji—1 < landz;;; < 1foreachieM’ jeN’, (52b)
iii) Yiem' Dz Zijk; = 1 foreach je N, (52c)
iv) Yiem’ Dizi Zijk, = 0 for each je{N-N}. (52d)

The conditions in (52a) and (52b) highlight the fractional y values in (z, y)', and that all agents ic M’ are
fully utilized. Condition (52c) suggests that each jeN’ is ‘assigned’ entirely to agents in M’ albeit
fractionally, while (52d) suggests that each job in {N-N"} is ‘assigned’ entirely to agents in {M-M}. For
(z, y) to violate (43), we set W, — M~ and k(i) — k; for each ie M. From (52c) and (52d), we obtain,

D (= D3y, + ki) = (53)
ieM’
Since P, + Yk, =1and m’ = p, (53) reduces t0 Y;cp ki=n'+ pYk,- Both n’and k; for each ie M’ being
positive integers, it follows that » = pyy, is a positive integer as well. With 0 < y, < 1, p-1 distinct
fractional solutions are possible, one for each value of 1 < r < p-1. Thus, for each 1 <r < p-1, Vikg-1 =

Vk, =r/pandy;, = Jx, = (p —r)/p for each ieM’. Consequently, the r-h-s of (43) is n-1.

!

The z values in (z, y)' can be viewed as flows in a directed bipartitite network consisting of nodes in M;_,,
M, N'] and arcs in A,,r,r. Each arc (r, s)eA,,r,,» has re{M;_,, M;} and seN’. Nodes in M},_, and M;,
represent agent-cardinality combinations defined as, M;_, = {i-(k;-1)| ieM’} and M;, = {i-k;| ieM},
respectively. Thus, |[M;_, | = |M|=p. Eachi-(k;-1)eM;_, and i-k; e M} provides a ‘supply’ of (k; — 1)r/p
and k;(p — ) /p units, respectively. Each je N’ has a ‘demand’ of 1. It follows from (53) that the total
supply provided by nodes in M,i(_1 and M,ic equals the total demand required of nodes in NV'. One set of arcs
in 4,7,y that emanate from i-(k;-1) has a capacity of Yk, - The other set of arcs that emanate from i-k; has
a capacity of 9, each. Thus, each arc in A4, represents potential unhidden assignments of jobs in N” to
agents in M’ with a cardinality of either (k;-1) or k;. Note that the assignment of each jeHy is hidden from
|Wq(j)| = q agent-cardinality combinations in M,ic_1 and |M-Wq(j)| = p - g agent-cardinality combinations in
M;,. Thus, q arcs from M; and (p — q) arcs from M;,_, enter each jeHq, amounting to p arcs, while 2p arcs
enter each je{N’-Hq}. Recall that for a given 0 < q < p, there are pC, unique selections of Wq(j)cM’, each
associated with a jeHq. Let j, (1) eHq, where I = 1,..., pCy, denote a job whose assignment is hidden from
each ieWq(j, (1)) with ki <k(i)-1 and each ie {Wp-Wq(j, (1))} with ki > k(i). Therefore, the total number of

arcs leaving each i-IEl-eM,ic and entering j, (1) eHq, for agiven 1 <q<p-1, is p — 1C,_;. The total number
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of arcs leaving each i—(IEL-—l)eMé_1 and entering nodes j, (1) eHq, is p — 1C,_,. For g = 0, one arc leaves
each i—(IEl-—l)eMé_1 and enters one node j, (1), and for q = p, one arc leaves each i-k; eM;, and enters j, (1).

Let, i) R_Capy,_, = (k; — 1)k, and R_Capy, = k;Jx,. represent the available capacity at each i-(k;-
1)eM;_, and i-k;eMy, respectively, and ii) N”=N’ denote the currently unassigned jobs in N’. The

!

following algorithm, specifies the z variables representing flows between {M;_,, M;} and N".

Algorithm_z{M’, N’}:

l. SetN” —> N’

. ForeachieM’, if k;>k,,;,, do the following: i) Select Ns(i) = {Je{N "-Hg}| INs(i)| = (ki-kmin)},
i) Set @) z;j3,_1 — Yk, for each jeNs(i), b) z;;z, — Jk, for each jeN(i), ¢) R_Capp,_,—
R_Capyg,_1- INs(D)|Yk,, R_Capy,— R_Capy,- INs(i)[Jk,, and ¢) N” — N"- Ny(i).

1. For each jeH,, do the following: i) If |Wq(j)| = q = 0, then set a) Zijs (k-1 — 1/P for each
ieM’, and b) R_Capy,,_,— R_Capg,—, — 1/p for each i-(k;-1)eM;,_, . ii) If Wq()| = q =p,
then seta) z; . 1), = 1/p foreachicM’, b) R_Capy, — R_Capy, — 1/p for each i-k; e Mj.. iii)
If 1 <|Wq(j)l=q<p-1,thenforeachI=1,...,pCq, a) Zije (k-1 Vk,/(® — @), R_Capg,_1—>
R_Capy,_1-Yx, /(0 —q) for each ie{M-Wq(jz(D)}, b) Zijak; Jky/q R_Capy,—
R_Capy,-Yk,,/q for each ieWq(jg (D).

(\VA Set N — N”-H,.

V. If R_Capg,_1> 0, then, i) select Ns = {jeN"| [Ns| = p(R_Capg,_,)}, ii) Set Zijr-1 = 1/p for
each jeNs, i-(k;-1)eM;_,, and iii) N7 — {N"-Ng}.
VL. IfR_Cap;,> O, then, i) set Ns= N, ii) Set z;;; — 1/p for each jeNs, i-k; e M.

Note that by definition, k;,, = Min{k(i)| ieM '} > [|H,|/p|+1. Therefore, ¥iepr(k; — INs(D) = phynin >
|Hg|[+p, implying that in step Il of Algorithm_z{M"’, N’}, it is possible to extract Ns(i) from {NV-Hg} for each
ieM’. Observe as well that the z values in step Il are set such that, i) the total flow into each jeHy is equal
to 1, and ii) the flow on each arc satisfies its arc capacity. Finally, since kpm, > [|Hg|/p|+1,

P(R_Capg,_1+R_Capg,) = PKmin- T > |Hgl. Thus, there is sufficient capacity at M;_, and Mj to
accommodate all jobs in Hq. With this, the r-h-s of (43) takes on a value of n-1. Since the z values associated
with each hidden assignment equal to zero, (z, y)" constructed above violates (43) by the maximum amount

of 1. The following example illustrates the fractional part of (z, y)' described above.

Example 4. Consider first an instance of (z, y)" in which M ={1,2,3}, N'={1,....., 12} and Hq = {1,...,
8}. Jobs jeH, follow the ordering: jo (1) =1,j;(1)=2,j,(2)=3,j:(3) =4,j,(1) =5, j,(2) =6, j,(3) =
7,j3(1) =8. Here, p=3, with k; =5, k, =4 and k3 = 4. Since n” = 12 it follows that r = 1 and the y values
in (z,y)'are, 15 = Vo4 = Va4 = 2/3, Y14 = VY23 = Y33 = 1/3. In this example, ki, = 4. Instep 11, 2,9, = 1/3
and zy95 = 2/3. On completion of step 11, 1, R_Capy,_ = (kmin — 1)7/p =1 for each i-(k;-1)eM;,_,, and
R_Capy, = kmin(p — 1) /p = 8/3 for each i-fcieM}(. Instep I, 1) for =0, 2114 = 2213 = 2313 = 1/3, ii) for
0 =3, Z1g5 = Zpgy = Z3g4 = L3, i) fOor q =1, 2154 = Zy53 = 1/6, Z394 = 2/3, 2134 = 7333 = 1/6, 253, = 2/3,

Zyaz = Z3a3 = 1B, 2145 = 23, and iv) for q = 2, zy55 = Zp53 = Z353 = 1/3, Z164 = Zp6a = Z363 = 1/3, Z174 =
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Z373 = Z374 = 1/3. On completion of step 111, R_Capy,_, = 0 for each i-(l?i-l)eMk_l, and R_Capy, = 3/3 for
each i—IEieMé. Instep VI, z j5 = z5j4 = 73, = 1/3 for j = 10, 11 and 12. It is clear from the partial solution
so constructed, that the 1-h-s of (43) exceeds its r-h-s by 1, resulting in the maximum possible violation of
the inequality. The fractional solution above is presented in Figure 4 below.

4 3 -\3 /3 3\\3

Figure 4. lllustration of a fractional solution that violates the Complete p-ACM inequality.

Consider another instance of (z, y)"in which M” = {1,.....4}, N'={1,...., 17}, Hg={1,..., 16} and k; = 5
for i = 1,..., 4. Naturally, yi5 = Vo5 = V35 = Vue = U4, V14 = Vou = V34 = Yaa = 3/4. Using the
Algorithm_z{M"’, N’}, the z values obtained are, z;14 = Z314 = Z314 = Z414 = Z1165 = Z2,16,5 = Z3,16,5 —
Zy65 = LA, 2124 = Z324 = Z324 = Zaps = Z134 = Z234 = Z335 = Z434 = Z144 = Z245 = Z344 = Z444 = Z155 =
Zysa = Z3s54 = Zasa = U4, Z164 = Zpga = Z174 = Z374 = Z1g4 = Zaga = Z204 = Z394 = 22104 = 24,104 = 23,114
= 24114 = 318, Z365 = Zags = Z275 = Za7s = Zags = Z3gs = Z195 = Z495 = 21,105 = 23,105 = Z1,11,5 = 22,11,5 =
118, 21124 = Z213,4 = Z3,144 = Za15.4 = 34, Z2125 = 73125 = Za125 = Z1,13,5 = 23135 = 24135 = Z1,14,5 =
Zy1as = Z4145 = Z1155 = Za1ss = Z31ss = 1/12. Here as well, (z, y)' satisfies (4), (5), (7) and (8) by
ensuring that no flow occurs on arcs associated with hidden assignments. Thus, (43) is violated by an
amount of 1. 0

3.2 Partial p-Agent Cardinality Matching Inequalities

As with the Complete p-ACM inequality, Partial p-ACM inequalities are also constructed around sets
WpcM with |Wp| = p and HycN'cN. As well, cardinalities of each i€ W, are partitioned into two sets: a) K;~
={1,..., k(i)-1}, b) K;"= {k(i),..., n-1}. However, Partial p-ACM inequalities apply when n < 2P-1. Further,

their structure changes as »’ decreases in relation to p. Broadly, Partial p-ACM inequalities can be classified

into the following two cases: 1) p+1 <n’ < Ziewpk(i) —rforsome 1 <r<p-1andIl)»’ <p. Note that
when n’ = Ziewpk(i) —r for some 1 < r < p-1, the Partial p-ACM inequality-Case I) seeks to violate

fractional solutions (z, y)' in which X =1, for each ieW,, while if n’ < Liew, k(@) -p, Yk Vi <L,

for each ieW,. With Partial p-ACM inequality-Case II), in which n’ <p as well, the fractional solution (z,
y)', is such that Zﬁi‘:ll Yik;<1, for each ieW,. The two cases will be discussed in the same order.
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Partial p-ACM inequality-Case 1):

As with Complete p-ACM inequalities, conditions (37a), (37b), (37c) and (37d), apply here as well. As
well, i) a;j, = 1 foreach ieM, jeN, and ii) a;;;, = 1 for each je{N-N}, ie{M-Wp} and 1 <ki <n-1. Given
this, for any feasible solution, the r-h-s of Partial p-ACM inequality-Case 1) will be either n-1 or n. In
particular, when y;;. = 1 for each ieW, for some 1 < ki < n-p, its r-h-s will be n-1. For such instances, for
this inequality to be valid, the maximum value its I-h-s can take cannot exceed n-1. This is accomplished
by appropriately selecting a Hyc N’ such that for every feasible solution to (P,y) in which all agents in W,
are utilized, the assignment of at least one jeHq is hidden from every ieW,, as well as each ie{M-W,}. It
now suffices to specify all the hidden assignments in the Partial p-ACM inequality-Case 1).

In any feasible solution to (Py), define W~ = {ieWy| y;, = 1, for some kicK; } and W, = {ieWy| yy, =
1, for some kieK;*}. The set of all hidden assignments in the Partial p-ACM inequality-Case I) are:

i) The assignment of je{N-N"} to ieW, with kicK;" such that ki < N-Xirew,-i k(). (54a)
i) The assignment of a designated j e Hq to each ieW,, with kieK;", and to each ie{M-W,} with 1 <k;
<n-1. (54b)
iii)  The assignment of a jeHq to an ieW, with kieK;" and to each i’e{W,-i} with kieK;". (54c)
iv)  For each selection of W,”cW, with 1 < |W,;| < p-2 and W% = W,-W,~, the assignment of a jeHq to
eachieW,”, k;eK;", and to each (" W, whose K(i") < k;+ < n-Xequr i+ k(D)W |- (54d)

v)  For each je{Hqj} whose assignment to each ieW,” and each ieW;", as specified in (54d), its
assignment to each ie {M-W,} with 1 <k; < n-ZiEW;f k(@)-|W¢ . (54e)

Since n’ < Ziewp k(i) —rforsome 1 <r<p-1,n’< Ziewp k(i). Therefore, feasible solutions in (Pz) in
which y;,, = 1 with kieK;" for each ieWj, at least one je{N-N"} must be assigned to an ieW,. All such
assignments are hidden as per (54a). Now consider feasible solutions in (Py) in which y;;, = 1 with kie K
for each ieW,. As per (54b), the assignment of j e Hg to each ie W, with kieK;” and each ie{M-W,} with 1
< ki <n-1is hidden. This ensures that all solutions in which [W;| = p, the assignment of j e Hy is hidden.
Consider feasible solutions in (Pz) in which an agent ie W, with ki > n-p+1, as well as agents i’e{W,-i}
with k;-eK;r are utilized. Here, since B, = n — p for ki > n-p+1, the r-h-s of the Partial p-ACM inequality
is n-1. However, (54c) ensures that the I-h-s of the Partial p-ACM inequality-Case 1) is n-1 as well. Finally,
(54d) and (54e) refers to all feasible solutions in (Pz) not accounted for in (54a), (54b) and (54c). The
hidden assignments specified in (54d) and (54e) ensure that the I-h-s of at least one jeH is hidden, resulting
in the I-h-s of the Partial p-ACM inequality-Case I) being at most n-1.

What is fundamentally different about Partial p-ACM inequalities is that, |Hq| < n’ < 2P-1. This implies
that, unlike with Complete p-ACM inequalities, the assignment of the same jeHq has to be hidden in more
than one set of feasible solutions. For each jeHq, let W~ (j) = {ieW,| a;jx, = 0, for k;eK;"} and W*(j) =
{ieW,| a;jx, = 0, for those k;eK;", in which a feasible solution is possible}. In the Complete p-ACM
inequality, W~ (NnW*(j) = ¢ for each jeH,. However, with Partial p-ACM inequalities, overlapping sets
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are introduced for one or more jeHg, wherein S(j) = W= ()nW*(j) # ¢. For overlapping sets, for each
subset S~ (j)<=S(j), the assignment of j to all active agents is hidden in feasible solutions in which: i) y;,

=1, foreachie{{W~(j)- SGH}uS~ (N} withkieK;, and ii) y;y,, = 1, for each ie{{W* (j)-S(N}AS() —
ST(N}}, with kieK;.

As with Complete p-ACM inequalities, the following set of ‘threshold’ cardinalities represent the largest
cardinality that an agent can be associated with for the assignment of a jeHq to be hidden. To satisfy the
requirements in (54a), for each ieWy, k453 (1) = Max {n-Zi,E{Wp_i} k(i"), k(i)-1}. The threshold k&, 4.3 (1)
is the maximum cardinality that can be afforded to i given that each i’e{W,-i} has k(i) jobs assigned to it.
Provided ky,q3(i) > k(i), the assignment of each je{N-N"} to ieW, is hidden for k(i) < ki < kpax3(0),
while a;jy, = 1 for ki>kp,qx3 (0). To satisfy condition (54e), for each ie {M-W,} and je{Hq-j}, the threshold
Kmaxa(l,]) = n—Zie{Wp_W-(j)}k(i)—|W‘(j)|, represents the largest feasible cardinality possible for ie{M-
W,} when each ieW ~(j) has a cardinality of 1, and each ie{W,-W ~(j)} has a cardinality of k(i). Hence,
the assignment of each je{Hq-j} to ie{M-W,} with ki < k4.4 (i, ) is hidden. Next, to satisfy conditions
required of each je {Hq-j} as per (54d), the threshold cardinality, k;,qxs (i, j) is defined. For each ie{W,-
W=D} and je{Hd W™(DIp-2}, kmaxs (L)) = Max {n-Xyew,-w--a k@)Wl k(i)-1}
represents the maximum cardinality possible with ie{W,-W~(j)}, and a jeHq whose |W ™~ (j)|<p-2. Hence,
a;jk, = 0 for each je{Hq| W~ (DI<p-2}, ie{W,-W~ (D} k(i) < ki < Kingxs (i, ).

Assuming that sets W~ (j) and W (j) for each jeH, includes the possibility of S(j) = ¢, the generic form
of Partial p-ACM inequality-Case 1) can be stated as:

n-—1 n-1 n-—1
2wt Q) ) met ), ) aw
iE(M=Wp} je(N-N'} k;=1 iE(M—Wp} jE{Hg—)~} kKi=kmaxa (i,/)+1 €W, ki=k(i)
n-1 n—1
+ Z Z Z Zl'jki + Z z z Zijki
ie{Wp_W_(j)}jE{Hq| [w=(j)|sp—-2} ki=kmaxs(@)+1 iE{W_(j)_S(j)}jEHq ki=k(i)
n—1
DD TED WD WD S
ie(W+()-S(j)} JEHq ki€EK; IEWp jE{N-N"} ki=Kmax3(D+1
n—-1
DN XIS 20
iEWy jE(N'—Hg} ki=1 iEM jEN
n-p n-1 n-p
< Z Z (ki = Dy, + Z Z (n—D)Yir, + Z Z KiVik,
IEWp k=1 iEM ki=n—-p+1 iE{M—Wp} ki=1
£ (= p+ Dy + (= 1), (55)
iEM

There are numerous possibilities of identifying an appropriate set H,cN’, and associated sets W~ (j) and
Wt (j) for each jeHq. In the most general case, Hq consists of a mixture, with some associated with
overlapping sets, and some not. Algorithmically, an easy heuristic for generating sets, W~ (j), W*(j) and
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S(j), all of the same size, is by ‘sliding” them forward in a circular fashion. By this we mean that two
adjacent sets differ in their composition by just one entity in W,. For example, if for a jieHq, {W~(j;)-
SG} ={in.., v} SU1) = {ivs1,., fusst and {W*(1)-S(1)} = {iu+s+1,., ip}, then an adjacent j.e Hq defines
sets {W~(j2)-S(j2)} = {iz,... ivi} SUz2) = {iuws2,.., fusser} and {W*(j5)-S(2)} = {iv+s2,.., i1} For 1 =3,..,
p, the sets associated with jicHq are, {W~()-SGD} = {in,.., i}, SU;) = {ivsi+1,.., iusies} and {W*())-
SU1)} = {iu+s+i+1,-., 112}, While noting the circular nature of the indices. That is, if x > p in iy, then x — x-p.
Using such an approach, p sets of the same size are generated. Henceforth, we will refer to the above as a
‘sliding mechanism’. It needs to be noted that for each jie Hg, its assignment is hidden in 2° feasible solutions
where s =|S(j;)|. In the following example, we illustrate the construction of a Partial p-ACM inequality-
Case 1) in which Hq consists of a mixture of jobs, some associated with overlapping sets and some not.

Example 5. Consider the instance, W, = {1,2, 3, 4, 5}, M-W, = {6}, N'= {1,..., 27}, k(1) = 7, k(i) = 6, for
i=2,...,5andN-N’"= {28,...,33}. Here, p=5, r=4and k,,;,= 6. Since n’ = 27, |Hq| < 27. One construction
of Hq consists of Hq = {1,..., 26}. The first 20 jobs in Hgq are associated with non-overlapping sets and the
next 5 with overlapping sets. To begin with, j” = 26, for which [W~(j)|=5and [W*(j)|=0. Forj=1,.., 5,
(W=()| =4, |W*()| =1 and therefore S(j) = ¢. For [W*(j)| = 1, there are 5C; = 5 selections of W*(j)
from W,. For j=6,..., 15, |W~(j)| =3 and |[W*(j)| = 2, comprising of 5C, = 10 selections of W * () from
W,. For j = 16,..., 20, W~ (j)| = 2 and |[W™* (j)| = 3, whose associated sets are obtained using the sliding
mechanism described above. They are: i) W~(16) = {1, 2}, W*(16) = {3, 4, 5}, ii) W~ (17) = {2, 3},
W+(17) ={4,5, 1}, iii)) W~ (18) = {3, 4}, Ww*(18) = {5, 1, 2}, iv) W~ (19) = {4, 5}, W*(19) = {1, 2,
3}, v) W=(20) = {5, 1}, W*(20) = {2, 3, 4}. Thus far, the assignment of each j = 1,..., 20 is hidden in
feasible solutions in which W~ = W~ (j), accounting for 20 combinations in which 2 <|W~(j)| < 4. The
remaining five combinations for which |W,;~| = 2 comprise of the following overlapping sets. For each j =
21,..., 25, the sizes of the sets are [W~(j)| = 2, W' (j)| = 4, and |S(j)| = 1. However, before applying the
sliding mechanism, indices in W, are reordered as W, = {1, 3, 5, 2, 4}. That is, the odd numbered elements
in the previous order are placed before the even numbered elements. Here, i) W~(21) = {1, 3}, W*(21) =
{3,5,2,4},ii)W=(22) ={3,5}, W*(22) ={5, 2, 4, 1},iii)y W= (23) = {5, 2}, W*(23) ={2,4, 1, 3}, iv)
W=(24) = {2, 4}, W*(24) = {4, 1, 3, 5}, v) W—(25) = {4, 1}, W*(25) = {1, 3, 5, 2}. From these
overlapping sets, the remaining five combinations of W with |W,7| = 2, as well as all combinations with
|W¢| = 1 are accounted for.

The threshold cardinalities in (55) are as follows. For j=1,...,4and i = 6, ky,4.4(6,j) = 33-6-4 = 23, and
for j =5, kppgra(6,)) =33-7-4 =22. Forall je{Hq| W* ()| =2 and 1eW* ()}, kinaxa(6,)) = 33-6*2-3 =
18, and for all je{Hq| [W* ()| =2 and 1eW* ()}, kpnaxa(6,)) = 33-6-7-3 = 17. There are 6 instances in
the former and 4 in the latter. For j = 16, 20, 21 and 25, k;;,4.4(6,j) = 33-6*3-2 = 13 and for j = 17, 18, 19,
22,23 and 24, kppaxa(6,)) = 33-(74+6+6)-2 = 12. For j=6,..., 15and ieW™* (j), kmnaxs(i,j) = 33-6-3 = 24,
when i =1, else ks (i, j) = 33-7-3 =23. For j = 16, 20, 21 and 25, and any ieW™* (j), kmaxs(i,j) = 33-
(6+6)-2=19. For j =17, 18, 19, 22, 23 and 24, and any ieW * (j), kaxs(i,j) = 33-(7+6)-2 = 18. For each
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je{N-N}and i =1, kmaxs(D) = N-Xirew,- k(") =33-4*6 =9 and for i =2,..., 5, kynax3 (1) =33 -7 -
3*6 =8.

We now construct a fractional solution (z, y)'eLP(z, y) that violates (55) in the above instance. Let, M’ =
W, = {1,...,5} and N’ = {1,..., 27}. As with Complete p-ACM inequalities, the fractional part of (z, y)" is
derived by viewing it as flows from nodes in [M M;] to nodes in N’. Therefore, without loss of

!

k-1’
generality, integer valued assignments can be made of jobs in {N-N} to agents in {M-AM"}. Thus, yge = 1
and zgj6 = 1 forj=28, ..., 33. ForeachieM’ k, =7,and k; =6 fori=2,..., 5, and accordingly, y;z,_, =
Vi, =r/p=45and y;, = Ik, = (p — r)/p = 1/5. The z values associated with each ieA” and je N’ are

!

k-1
avoiding hidden assignments. As per step 11 of Algorithm_z{M’, N*}, k;-kn;, = 1 for i = 1, and 0 for the
rest. Here, No(1) = {27} is selected and consequently, z; 577 = 9k, = 1/5, 21 27 6 = Y, = 4/5. Post this step,
the available capacities, R_Capy,_, = 4/5*5 =4 and R_Capy, = 1/5*6 = 6/5.

obtained using Algorithm_z{M’, N}, by directing flows from [M M;] to nodes in N’ by completely

For each jeH,, its assignment is hidden from each icW~(j), ki = (k;-1) and each icW™*(j), ki = k;.
Therefore, the flow into these jobs occur only from ieW = (j), ki = k; and ieW *(j), ki = (k;-1). Forj=1,...,
5 W=()| =4, [W*()|=1and S() = ¢. Thus, for j = 1,..., 5, as per step Il of Algorithm_z{M’, N’},
Zijk—1 = Yk, /(5 —4) = 4/5, for each iew* (), ki = (k;-1), and Zijk, = Yk, /(5 — 1) = 1720, for each
ieW~(j), ki = k;. Consequently, R_Capy,_, = 4-4/5=16/5 and R_Capy,, = 6/5—4*1/20 = 5/5. Next, for j
=6,..., 15, [W=()| =3, W*(j)| = 2 and S(j) = ¢. Therefore, Zijk—1 = Yk, /(5 —3) = 2/5, for each
ieW*(j), ki = (ki-1), and 2,3, = P, /(5 — 2) = 1/15, for each ieW ~(j), ki = k;. Observe that 4C; = 4 arcs
emanate out of each ieW ~(j) with ki = (k;-1), and 4C, = 6 arcs emanate out of each icW*(j), ki = k;,
whose end node belongs to {6,..., 15}. Therefore, the remaining capacities get updated as, R_Capy,_, —
16/5-4*2/5 = 8/5 and R_Capy,, — 5/5—6*1/15 = 3/5. For j = 16,..., 20, [W~(j)| = 2and [W* (j)| = 3. Thus,
for j = 16,..., 20, the z values obtained are, z;;z _; = Yk, /3 = 4/15 for each ieW™ (), and Zijk, = Vk, /2=
1/10 for each ieW~(j). The sets, W~ (j) and W*(j) for j = 16,..., 20, are obtained using the sliding
mechanism. As a result, out of each i-(l?i-l)eM,ic_l, three arcs, and out of each i-lEieM,ic, two arcs have
their end-node at {16,..., 20}. Therefore, the remaining capacities get updated as, R_Capg,_, —> 8/5 -
3*4/15 = 4/5 and R_Capg,— 3/5 - 2*1/10 = 2/5. Finally, for j = 21,..., 25, since [W~ ()| = 2, W * ()| = 4,
and |S(j)| = 1, its assignment is not hidden from each ie{M"-W~(j)}, ki = k;-1, with |M-W ~(j)| = 3, and
each ie{M-W*())}, ki = k;, with [M-W* ()| = 1. Here, z;jz._, = 9, /3 = 4/15 for each ieW* (j) and
Zijk, = Yk, /1 = 1/5 for each ieW~(j). Here as well, the sets, W~ (j) and W*(j) are sliding in nature,
across j =21,..., 25. Consequently, R_Cap,;i_1 =4/5-3*4/15=0 and R_Cap,;i =2/5-1*1/5=1/5. The
remaining job in Hq is j° = 27, for which |W~(j)| = 5 and |W *(j)| = 0. Therefore, the flow from each i-
k;eM;. to j" is 1/5. That is, Ziz7k, = 1/5 for each ieM’, and consequently R_Capy, = 1/5 — 1/5 = 0. Since
R_Capy,_1 = R_Capy, = 0, along with all je N assigned, the resulting fractional solution (z, y)'eLP(z, y).
More importantly, the fractional flows completely avoid hidden assignments, resulting in the I.h.s of (55)
equal t0 33, while its r.h.s equal to 32. This illustrates the maximum possible violation of 1. 0
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The above example illustrates how a mixture of overlapping and non-overlapping sets associated with each
jeHq can be used to construct the Partial p-ACM inequality-Case I). We now present another example of
Partial p-ACM inequality-Case 1) in which all jeHq are associated with overlapping sets. Such Partial p-
ACM inequalities are useful when n” is so small that it cannot accommodate non-overlapping sets. It can
be shown that if all jobs in Hq are associated only with overlapping sets, the Partial p-ACM inequality-
Case I) consists of [Hq| = Ip+1 jobs for some 1 <1< [p/2]-1. For each s = 1,.., |, there are p jobs in H,, each
associated with overlapping sets |W~()| = p-s, [W*(j)| = p-I+s-1 and |S(j)| = p-I-1. In addition, each of
the the p sets associated with a jeHq are generated using the sliding mechanism. The overlapping sets are
generated sequentially, starting from s = 1, and ending at s = I. Moving from s-1 to s, for 2 <s <1, the
indices in W, are reordered, wherein the odd numbered indices are placed before the even numbered ones.
This reordering is executed before generating the sets for stage s. The last job jeHq is associated with
[W~=(7)|=pand |[W*(~)|=0. The following example illustrates the construction process.

Example 6. Let W, = {1, 2, 3, 4, 5}, M-W, = {6}, N'={1,..., 12}, k(1) =4, k(i) =3, fori=2, ..., 5 and N-
N’={13,..., 18}. Since H,cN’ and |Hg| = 51+1 for some 1 <1< 3-1, one possibility is with | = 2, for which
|Hq| = 11. Let Hq = {1, ..., 10, 12}. Beginning with s = 1, we have that for j=1,..., 5, W~ ()| = 4, [W*())|
=3 and [S(j)| = 2. Given the current ordering in W), the contents of the sets associated with j = 1,.., 5, using
the sliding mechanism are: i) W~ (1) ={1, 2, 3,4}, W*(1) ={3,4,5}, i) W~ (2) ={2,3,4,5}, W*(2) =
{4,5,1},iiiy W= (3)={3,4,5 1}, wt(3)={5,1, 2}, ivy W~ (4) ={4,5, 1, 2}, W*(4) = {1, 2, 3}, v)
Ww=(5)={5,1, 2,3} W*(5) ={2, 3, 4}. Next, for s = 2, the sizes of the overlapping sets are, |W~(j)| =
3, |W*(j)| =4 and |S(j)| = 2. The contents of W, are reordered as, W, = {1, 3, 5, 2, 4}. Forj =6, ..., 10,
using the sliding mechanism, i) W=(6) = {1, 3,5}, W*(6) ={3,5,2,4}, i) W= (7) ={3,5,2}, W*(7) =
{5,2,4,1},iiiyw=(8)={5,2,4}, w*(8)={2,4,1,3}, ivy W~ (9) ={2,4,1}, W+ (9) = {4, 1, 3, 5}, V)
W~(10) = {4, 1, 3}, w*t(10) = {1, 3, 5, 2}. Finally, W~(12) = {1, 2, 3, 4, 5} and W*(12) = ¢. The
threshold cardinalities for this example are as follows. For j=1, 3,4 and 5, k;p,4.4(6,j) = 18-3-4 =11, and
forj=2, kpaxa(6,j) =18-4-4 =10. For j=6, 7 and 8, k,;,4,4(6,j) = 18-(3+3)-3 =9, and for j = 9 and 10,
kinaxa(6,)) = 18-(4+3)-3=8. Note that forj=1,..., 5, W~ (j)| = 4 = p-1. Therefore, a;j;, = 0 for i = {W,-
W=D} k@) <ki<n-1.Forj=6,..., 10, kppaxs(i,j) =18-3-3=12, wheni=1or 1eW ~(j), else kppaxs (i, )
=18-4-3=11. Foreach je{N-N'} and i = 1, k;pq,3(0) = n—Zi/E{Wp_i}k(i’) =18-4*3=6and fori=2,...,
5, kmax3(i,j) =18 -4 -3*3=5.

For this example, (z, y)'eLP(z, y) that violates (55) can be identified by setting A/” — W, and k; = 4 for i =
1,and k; =3 fori=2,..., 5. As noted earlier, violation of (55) occurs primarily in the fractional flows from
nodes in [M;,_,, M;] to nodes in N”. For each ieM”, the fractional y values are, Yikg—1 = Yk, =7/p =45
and y;x, = Yk, = (p — r)/p = 1/5. As per step Il of Algorithm_z{M’, N}, z; 11,4 = Pk, = 115, 21,113 = Ik,
= 4/5. After this step, the node capacities at each i-(IEl--l)eM,ic_1 and i-I?ieM,i{ become, R_Capy,,_, = 4/5*2
=8/5and R_Capy, = 1/5*3 = 3/5, respectively. Next, to determine the flow into each j = 1...., 5, it is noted
that their assignment is not hidden from each ie{M-W ~(j)} with a cardinality ki = k;-1 and from each
ie{M-W*(j)} with a cardinality ki = k;. Since [W~()| = 4 and [W*(j)| = 3, for j = 1,..., 5, Zijki—1 =
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Ik, /(5 —4) =4/5foreach ie{M-W~(j)}, and z;;z, = ¥k, /(5 — 3) = 1/10 for each ie{M-W*(j)}. The
sets, W~ (j) and W™ (j) forj=1,..., 5, are obtained using a sliding mechanism. Therefore, the number of
positive flows from each ieM’, ki = k;-1 and each ieM’, ki = k;, to nodes in {1,..., 5}, is 1 and 2,
respectively. Consequently, after this step, R_Capy,_, = 8/5-4/5=4/5and R_Capy,, = 3/5-2*1/10 = 2/5.
The flows into each j = , 10, is based on [W~(j)| =3 and [W*(j)| = 4, for each j = 6,..., 10. Therefore,
foreachj=6,..., 10, Zuk —1=9k,/(5—3)=2/5foreachie{M™-W~(j)}, and z;;3, = Ik, /(5 — 4) = 1/5
for each Ie{M -W*(j)}. As s result, R _Capg,_1 =4/5-2*4/5=0and R_Capy, = 2/5-1/5 = 1/5 for each
ieM’. Finally, for j = 12, W~ (12) = {1, 2, 3, 4, 5}. Therefore, flow from each |-kieMk to j = 12, gets
equally distributed resulting, in z;;,;, = 1/5 for each ieM’. Consequently, R_Capy, — 1/5 - 1/5 =0,
implying that (z, y)'eLP(z, y). Since (z, y)'€LP(z, y) completely avoids hidden assignments, (55) is violated

by the maximum amount of 1. Figure 5 below illustrates the fractional solution part of (z, y)". 0
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Figure 5. lllustration of the fractional solution in Example 6 in which p=5and »n’ = 12.

We now address the strength of the Partial p-ACM inequality-Case I). Let a 'z < 8’y+(p-1) denote a compact
representation of (55). In addition, let WHK = {i-j-ki| ieM, jeN, 1 <ki<n-1, a;j,, = 0in (55)} and H(z,
y) ={(z, y)eH(z, y)| zjx, = 0 for every i-j-kic WHK}. Using a line of argument similar to that presented in
the proof of Theorem 3.1 for (43), the following can be shown to hold true for (55).

Theorem 3.2 The Partial p-ACM inequality-Case 1), (55) is a non-trivial facet of H’(z, y).

Since various Partial p-ACM inequalities in the form of (55) can be constructed with varying combinations
of overlapping and non-overlapping sets associated with each je Hy, it need not be a non-trivial facet of H(z,

y). This is particularly so if the partitioning cardinalities k(i) vary across ieW,. However, it is easy to
construct a non-trivial facet of H(z, y) from (55) by sequentially lifting the coefficients of z;;+, , whose (i *-

J -ki)eWHK. For each (i-j-ki)eWHK, the coefficient a;/ ;7 , is determined by solving the optimization

problem in (51) in some sequence. Further, it can be shown that the lifted coefficient values will be at most
1. As an illustration, for the Partial p-ACM inequality constructed in Example 6, the coefficients of z
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variables after sequentially solving (51) are as follows: a3¢, = @562 = Ap72 = U562 = Apgy = Aygy = Aoz =
Q402 = A1103 = 3,102 = 1. The coefficients of the remaining z variables in WHK remain equal to 0.

Note that both in Example 5 and Example 6, n’ = Ziewp k(i) — r with r = p-1. Therefore, the fractional
solution (z, y)'eLP(z, y) that violates (55) was such that Ziewp Z}c‘i‘:ll Vi, =1 for each ieW,. We now present
an example in which n’ < Ziewp k(i) — p. Therefore, the fractional solution that violates (55) is such that
Yiew, Yt Vi< 1 for each ieW,,

Example 7. Consider the instance, W, = {1,2, 3, 4}, M-W, = {5}, N'={1,..., 8}, =7, k(i) =3, fori =1,
.., 4and N-N"={9,..., 13}. Here, p=4, n”’ =8 and Sy = 3. Since n’ < Ziewpk(i) — p = 8, a Partial p-
ACM inequality-Case 1) can be constructed with Hq = {1,..., 7}, in which j = 1,.., 4 are each associated
with overlapping sets, while j =5, 6 and 7 are each associated with non-overlapping sets. For j =7, W~ (7)
={1,.,4}and W*(7) = ¢. For j = 1,.., 4, the overlapping sets are: i) W~(1) = {1, 2, 3}, W*(1) = {3, 4},
iyW-(2)={2,3,4}, wt(2)={4, 1},ii) W~ 3)={3,4,1}, w*t(3) = {1, 2}, iv) W~ (4) = {4, 1, 2},
Wt(4)={2,3}.Forj=5W~(5) ={1,3}, Wt(5) ={2,4},and forj=6, W~ (6) = {2, 4}, W*(6) = {1,
3}. Note that all feasible solutions in which 2 <|W,”| < 3, the assignment of at least one je{1,.., 6} is hidden,
while the assignment of j = 7 is hidden in feasible solutions with |W;"| = 4. Note as well that feasible
solutions in which |[W;| < 1, at least one je{N-N"} will necessarily have to be assigned to a ieW, with
kieK;", whose assignment is hidden.

A fractional solution (z, y)'eH(z, y) that violates the Partial p-ACM inequality is as follows: i) ys5 = 1,
Z59,5 = Z5105 = Z5,11,5 = 25,125 = Z5,13,5 = 1, 11) Y3 = 13 and y;, = 1/2, fori=1,.,4,iii) 2415 = 215, =
22322342 = V2, 211352513 = 2223 = 2323 = 2333 = Z433 = 21,43 = Za43 = U4, V) Z355 = 245, =
21,53 = 2353 = VA, V) 2165 = 2365 = Za 63 = Zae3 = 1A Vi) 2173 = 23 73 = 2373 = 24,73 = 1/4, and vii)
Z182 = Z2g2 = Z382 = Za g = 1/4. The I-h-s of the Partial p-ACM inequality equals 13 as all the fractional
z values correspond to assignments which are not hidden. The r-h-s is equal to 12 2/3, resulting in a violation
of 1/3. Observe that in this fractional solution, y;,+y;3 < 1, for each ieW,. 0

Partial p-ACM inequality-Case II)

In Partial p-ACM inequality-Case Il), the set N'cN in relation to W, is even more ‘sparse’. Here, 3 < |Hg|
=n’<p. Since ki, > 2, it follows that if all jobs in N” alone are assigned to agents in W, then at most p-
1 agents in W, are active.

Let, Hq be partitioned into two dichotomous sets Hq(1) and Hq(2), with |Hq(2)| = kpmin and [Ho(1)| = 7 -k opin.-
Similarly, W is partitioned into two dichotomous sets Wp(1) and Wy(2), with |Hq(1)| = [W,(1)| and |Hq(2)| <
|Wp(2)]. Each ieW, is uniquely associated with a je Hg, denoted as j(i). Thus, for every pair {i;, i, }eWu(1),
J(i1) #]j(i,). Given this, the r-h-s parameters of the Partial p-ACM inequality-Case I1) are, i) fo = n’-kpyin.
i) Bin = n-po for each ieM, iii) for each ieW,, B, = 0, for 1 < ki < k(i)-1, Bk, =k(i)-1, for k(i) < ki <n’,
Bik; = ki, for n’+1 < k; <n-fo and By, = n-fo-1, n-fo+1 < ki < n-1, iv) for each ie{M-W,}, B;x, = k; for 1
<k;<n-foand By, =n-n’, n-fo+1 <ki<n-1. The hidden assignments are as follows. For each ieWy, a;;)k,

38



= 0 for each k(i) < ki < n’. For each jeHq(2), i) @;ji, = 0 for all ieW, and kieK;", ii) a;j;, = 0 for all ieM
and n-fot+1 < ki <n-1, and iii) a;j;, = 0 for all ie{M-W}, 1 < ki < fo-1. For each jeHq(1), a;ji, = 0 for all
ie{Wp-j(i)} and kieK; . For each ieW,, je{N-N}, a;j, = 0 for all 1 < ki < n’. The Partial p-ACM
inequality-Case 1) obtained is:

n'—kmin—1 n—n'+kmin n-1
2wt Q) ) mt) )
iE{M-Wp} JE{N-H4(2)}  k;=1 iE{M—-Wp} JEN k;=n' kmm iEM je{N—- Hq(z)}kl n—n'+knin+1
k(i)—-1 n—n'+kmin
SN TS WD WD IS 1) 2,
IEW,(1) ki=1 LEWp JE{N'—j ()} ki=k(D) IEWp JEN ki=n'+1
3
ieEM ]EN

n-n +kmm

<y Z (kD) = Dyue, + Z Zklylkﬁz ), ki

LEW)p k= k(z) M Wp} ki=1 IEM kj=n'+1
+ z Z (T’l - n,)Yiki + Z(n -n'+ kmin))’in + (Tl’ - kmin)- (56)
IEM kj=n—n'+kpin+1 ieEM

The above inequality in its current form is not minimal. However, it is made minimal by applying (15a)
and (15b) on each ieW,, n’+1 < ki < n-n’+k,,;,, and on each ie{M-W.}, n’-kpin < ki < n-n'+k,,;,, t0
become
' —kmin—1 n-1 k(i)-1
Ziji; T Z Zijie; Z Z Zij(ik;
i€{M-Wp} jE{N-H4(2)}  k;=1 i€EM JE{N—H4(2)} ki=n—n'+kmpin+1 iEW,(1) ki=1

nl

DD NP TS 3 2%
EW)y je{N’ J} ki=k (i) iEM jEN
n' —kmin—1

z (k@ — Dy, + Z Z kiyix;

IEWp ki=k(i) ie{M-wp}  ki=1
n

+ Z Z (n— n,)yiki + Z(n — '+ kpmin)Vin + (' — kipin). (57)

IEM ki=n—-n'+kpnin+1 iEM
Proposition 3.3 Every (z, y)eH(z, y) satisfies (57).
Proof: All feasible integer integer solutions to (P,) consist of at least one of the following partial solutions:

1) (2, V)™ yik, = L forsome ieM, ki>n —n' + kpyn + 1,
1) (Z, V)P yix, = L for some ieM, n'+1 <ki<n —n' + Kkpn,
1)) (z, Y)P: yix, = 1 for some ieWy, k(i) <ki<n’,

IV)  (z Y)™ yu, =1 for some ieWp, 1 <ki <k(i)-1, and
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V) (z, Y)™: yix, = 1 for some ie{M-Wy}, 1 < ki < n’-kpyn-1.

It then suffices to show that feasible solutions that correspond to (z, y)™, (z, y)*, (z, y)* and (z, y)™, all
satisfy (57).

Consider first feasible solutions consisting of (z, y)**. In such solutions, let Vpc{W,-i} and U={M-W,}
denote active agents, i.e., yl-/kl_,:l for each i’eV,, and yi""z":l for each i ”eU. Consider first the situation
in which U = ¢. If n’-k,,;,>K(i ") for some i’eV,, then the r-h-s of (57) is at least (n-n")+k(i")-1+(n -kynin)
>n-1, since k(i") > k. Here, since the assignment of j(i ") is hidden from i’ and i, the I-h-s of (57) is at
most n-1 and therefore such solutions satisfy it. If n’-k,,,;,<k(i") for all i’eV,, then the r-h-s of (57) is (n-
n)+(n’-kpyin) = N-kyin. Here, the assignment of all jeHq(2) is hidden, and therefore the maximum value
the I-h-s of (57) can take is n-k,,;,,. Therefore, (57) is satisfied. Next, consider the case where V, = ¢. Here,
the r-h-s value of (57) is (n-n")+(n-kypin)*Xi"cy Ki* = N-kpmint X7 cy k;7- The maximum value the I-h-s of
(57) can take is n-k,,,;,, since only the assignment of all jobs jeHq(2) are hidden, (57) is satisfied.

Next, consider feasible solutions that contain (z, y)*2. Here, n'+1 < ki < n-n’+k,,;,, for some ieM. The
‘contribution’ of (z, y)*? to the I-h-s and r-h-s of (57) is zero. Similarly, with (z, y)*, its maximum
contribution towards the I-h-s of (57) matches its contribution towards its r-h-s. Hence, validity of (57) does
not depend on (z, y)*? or (z, y)™. Finally, consider feasible solutions containing (z, y)™, along with (z, y)*.
In such a case, the maximum value the I-h-s of (57) can take, occurs when each j(i)eHq(1) is assigned to
i’eWp(1), while all jeHq(2) is assigned to a ieW,(2). Here, the assignment of j(i)eHq(2) to i is hidden.
Therefore, the I-h-s of (57) is n -1, while the r-h-s is (k(i)-1+n -k ,;y,). Since k(i) > ki, (57) is satisfied.[]

Using a line of argument similar to that presented in the proof of Theorem 3.1 for (43), the same can be
shown to hold true for (57).

Theorem 3.3 The Partial p-ACM inequality-Case Il) is a non-trivial facet of H(z, y).
The following example illustrates the construction of (57).

Example 8. Let W, ={1, 2, 3, 4}, M-W, = {6}, N'={1,..., 4}, k(i) =2, fori=1, ..., 4, and N-N" = {5,...,
9}. Consequently, kpnin = |Hq(2)] = 2, while fo = [Ho(1)| = (0" — kpmin) = 2. Let Ho(2) = {1, 2}, Hq(1) = {3,
4}, (D) =1,j(2) = 2,j(3) =3 and j(4) = 4. The inequality (57) that results is:

4
Zsj + Z Z Zijg t+ Z341 t Zgaq T Z Z Zyjg; t Z Z Z2jk;
JE{N-H4(2)} [EM jE{N—Hg4(2)} JE{N'-1} k;=2 JE{N'-2} k;=2

4 4
DNDIETEIDNDILTEDIWET

JE{N'-3}k;=2 JE{N'-4} k;=2 IEM jEN

4
<ys1 t+ z ZYiki+ZSYi8+Z7yi9+2-

LEW) ki=2 ieM ieEM
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A fractional solution (z, y)'eH(z, y) that violates the inequality above is: i) yss = 1, Zsss = Zsgs = Zg7s =
Zsgs = Zsgs = 1, 11) Y12 = Va2 = 113, ¥35 = Y =512, y31 = Y41 = U2, 100i) 2315 = 112, 2315 =249, = 1/4,
Z122 = U2, 2355 =Z4p, = 14, and V) Z331 = 1/2, Z135 = Zp35 = Zazp = 116, Zya1 = U2, Z14p = Zp4p = Z347 =

1/6. With this fractional solution, the I-h-s of the above inequality is 9, while the r-h-s is 8 1/2, resulting in

a violation of 1/2. Figure 6 illustrates the fractional part of (z, y)". 0
hon 203 B 1516
2 =16 | 22 |=— 3-2 s LS
P "‘Hri 1&4 - _..TJ&- R
_-ht 'U-ﬁ-i\_*
12,
21 3-1 41
1112 i1z

Figure 6. lllustration of the fractional solution in Example 8 in whichp=4andn’ = 4.

The next example illustrates a fractional solution in which n’ < p.

Example 9. The problem instance is identical to that in Example 8, except that M-W, = {4}, N’ = {1,.., 3}
and N-N’"= {4,..., 8}. As before, k(i) = 2, fori=1, ..., 4, and k,;,;;, = |Hq(2)| = 2. Therefore, fo = [Hq(1)| =
(n' — ki) = 1. Let Hy(2) = {1, 2}, Hq(1) = {3}, j(1) = 2, j(2) = 2, j(3) = 1 and j(4) = 3. The inequality
(57) that results is:

3 3 3 3
20 mptmat ) ) mpt ) D st ) ) st ) )
iEM jEN JE{N'-2} k;=2 JE{N"-2} k;=2 JE{N'-1} k;=2 JE{N'-3} k;=2
3
SDIDRTEPITEE
iEW) k=2 iEM

The following fractional solution that violates the above inequality is: i) yu5 = 1, Z445 = Z455 = Zsgs = Z47s
= Z4g5 = 1, 00) Y12 = Y22 = VA, y35 = V4o = 12, and iii) z415 = 112, 2115 =251 = U4, 2355 =243, = 112, 233,
= 1/2, z13, = Z33, = 1/4. This fractional solution violates the above inequality by 1/2, with the I-h-s equal
to 8, and the r-h-s equal to 7 Y. \

It is indeed noteworthy that the Partial p-ACM inequality-Case 1) subsumes the odd-hole inequalities of
Cornugjols, G. and Thizy [7] for those cases in which »” = p and odd. To illustrate, consider the instance, n
=n’=p=3,withk(i) =2 fori=1,..., 3. One form of the odd-hole inequality that applies in (Pxy) is: x,; +
X371+ X193 + X35 + X135 + Xp3 < y1 + ¥, + y3 + 1. With Partial p-ACM inequality-Case 1), by setting fo
= |Hq(1)| = 1, He(2) = {1, 2}, Hq(1) = {3}, j(1) = 1, j(2) = 2 and j(3) = 3, the resulting inequality obtained
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iS: Z111 + Z712 + Z312 + Z122 + Z322 + Z132 + Z932 < Y12 + Y22 + Y32 + 1. The fraCtlonaI SOIUtion: Y12 =
Voo = V3o = U2, 2515 =231 = Z122 = Z302 = Z132 = Zy3, = 1/2, violates the above inequality by 1/2, the
same as with the odd-hole inequality.

4.0 Concluding Remarks

In this paper, a new extended formulation of the Single-Source Un-capacitated Facility Location Problem
(SSUFLP), denoted as (Pyy), is presented and studied in depth. This formulation incorporates the notion of
cardinality, defined as the number of customers (or jobs) assigned to a facility (or agent). Consequently,
the size of this formulation is O(mn?) as opposed to O(mn) for the traditional formulation. The polytope
defined by the convex hull of all feasible solutions to (P,) is examined. In this study, besides trivial facets,
all non-trivial facets are identified, which is shown to be canonical. By this we mean that the coefficients
of all variables that describe the assignment of jobs to agents are either 0 or 1. This greatly simplifies the
structure of non-trivial facets, which we refer to as p-Agent Cardinality Matching (p-ACM) inequalities.
These inequalities are defined around N’cN jobs and W,cM agents. This in turn is motivated by isolating
the fractional part of any feasible solution to the LP relaxation of our extended formulation. That is, all the
variables which are non-integer are associated with N”and W,, which are rendered infeasible by the p-ACM
inequality.

We present two broad classes of p-ACM inequalities: Complete p-ACM inequalities and Partial p-ACM
inequalities. Complete p-ACM inequalities apply when »’ > 2°, while Partial p-ACM inequalities apply in
cases where n” < 2P-1. In addition, two varieties of Partial p-ACM inequalities are presented, one in which
p+1 < n’ < 2P-1, and the other in which n” < p. All the inequalities presented are facets of the polytope
defined by the convex hull of feasible solutions to (P,). Clearly then, the p-ACM inequalities presented
cover all possible combinations of N’ and W,. Therefore, they represent all non-trivial facets of the polytope
defined by the convex hull of feasible solutions to (P).

In spite of the p-ACM inequalities, along with the trivial facets, completely describing the polytope
associated with (P), two challenges need to be addressed in order to devise an effective branch-and-cut
strategy. First, as a practical matter, the extended formulation, even if polynomial in size, is too large to be
a viable alternative to the traditional formulation, even for reasonable sized problem. One way to overcome
this issue is to not incorporate the entire cardinality set of ki = 1,..., n, but a limited cardinality set. This
involves solving the LP relaxation of the traditional formulation (Px,) first. Let (x*, y*) denote the LP

*

solution obtained. For each ieM, the summation ¥ ey x;; = n; is determined. Typically, n; will be
fractional. A relaxed version of (Pz) is constructed in which limited levels of cardinality around |n; |£]. For
instance, with | = 2, 5 levels of cardinality for each ieM would be: i) kiz = [n;]-2, ii) ki = [n]-1, iii) kiz =
[n7], iv) kis = [n;]+1, and V) kis = [n;]+2. The relaxed version of (P,) consists of z and y variables, each
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associated with cardinality set: ki, ki2, kis and kis. The resulting formulation is identical to that of (P),
except for (7). Here, associated with i,-k;; and i,-k;,, the constraints are,

Z Zijky < KiYik;, Vie M, and (58)
JEN
z Zijky 2 KiVik, Vi € M. (59)
JEN

The size of this relaxed version of (P) is O(Imn). The other challenge is to devise a separation algorithm
to identify an appropriate p-ACM inequality that renders a current LP solution infeasible. That is an issue
that falls under the realm of future research endevour.
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